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1 Introduction 



The goal of this paper is to give a natural generalization of the Ray-Singer formula for analytic torsion 
of flat elliptic curves ([33]) to the case of higher genus. 

Let A and B be two complex numbers such that 9 (B/A) > 0. Taking the quotient of the complex 
plane C by the lattice generated by A and B, we obtain an elliptic curve (a Riemann surface of genus 
one) C. Moreover, the holomorphic one-differential dz on C gives rise to an Abelian differential w 
on C, so we get a pair (Riemann surface of genus one, Abelian differential on this surface) and the 
numbers A, B provide the natural local coordinates on the space of such pairs. In what follows we 
refer to the numbers A, B as moduli. 

The modulus square |u;| 2 of the Abelian differential w generates a smooth flat metric on C De- 
fine the determinant of the laplacian A'* ! corresponding to this metric via the standard ^-function 
regularization: 

detAN 2 = exp{-C; H2 (0)}, (1.1) 

where C^M 2 ( s ) * s ^ ne operator zeta-function. Now (a slight reformulation of) the Ray-Singer theorem 
[33J claims that there holds the equality: 

detAH 2 

CHB/A)\\ (1.2) 



Q(B/A)Aiea(C, \w\ 2 ) 

where Area(£, |u;| 2 ) = 3?(AB), C is a moduli-independent constant (actually, C = 4) and rj is the 
Dedekind eta-function 

■q(o) = exp ( J (l - exp(27rmcr)) . 

The main result of this paper is a generalization of formula (jl.2p to the case of Riemann surfaces 
of genus g > 1. To explain our strategy we first reformulate the Ray-Singer theorem. 

For any compact Riemann surface C we introduce the prime-form E(P, Q) (for definition and 
properties of this object we refer the reader to Sect l2.3|) and the canonical meromorphic bidifferential 

w(P,Q) = d P d Q logE(P,Q) (1.3) 

(see [9]). The bidifferential w(P, Q) has the following local behavior as P — * Q: 

w(P,Q) = ( r^p-\ - X (Q))2 + ls B (x(P))+o{l)\ dx(P)dx(Q), (1.4) 

where x(P) is a local parameter. The term Sb{x{P)) is a projective connection which is called the 
Bergman projective connection. Let w be an Abelian differential on C and, as before, let x(P) be 
some local parameter on C Denote by S w (x(P)) the Schwarzian derivative | J P w, x(P)\. Then the 

difference of two projective connections Sb — S w is a (meromorphic) quadratic differential on C [38J. 
Therefore, the ratio (Sb — S w )/w is a (meromorphic) one-differential. In the elliptic case, i. e. when 
the Riemann surface C and the Abelian differential w are obtained from the lattice {mA + nB}, this 
one-differential is holomorphic and admits the following explicit expression in the local parameter z 

(see my- 

S B ~ S w d\ogn(<r) 1 

= -24va —dz, (1.5) 

w da A z 
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where a = B/A. 

Let {a, b} be the canonical basis of cycles on the elliptic curve C (the sides of the fundamental 
parallelogram), such that the numbers A and B are the corresponding a and 6-periods of the Abelian 
differential w. Defining 

t(A,B):= V 2 (B/A), (1.6) 



we see from (|1 . 5j) that the function r is subject to the system of equations 

<91ogr 1 / Sb — S w dlogr 1 / Sb — S u 



OA 12m' J b w dB 12m J a w 

Now the Ray-Singer formula implies that the real-valued expression 



1.7) 



detAH 2 

QiA B) = 9(B/A)Area(A H 2 ) (L8) 



satisfies the same system: 

d\ogQ i rs B -s w d\ og Q i rs B -s u 



dA 12m' J b w dB 12m J a w 



(1.9) 



Clearly, if t(A, B) and Q(A, B) are (respectively) a holomorphic and a real-valued solutions of system 
(ll.7p . then Q(A,B) = C\t(A, B)\ 2 with some constant factor C. Thus, the Ray-Singer result can be 
reformulated as follows: 



Theorem 1 1. The system {1. 7|) is compatible and has a holomorphic solution r . This solution 



can be found explicitly and is given by lll.6\) . 
2. The variational formulas \1.9\) for the determinant of the laplacian A' w ' 2 hold. 



3. The expression il.8\) can be represented as the modulus square of a holomorphic function of 
moduli A, B; this function coincides with the function r up to a moduli-independent factor. 

In what follows we call the function r (a holomorphic solution to system (|1 .7|) the Bergman tau- 
function, due to its close link with the Bergman projective connection. 

Generalizing the statement 1 of Theorem Q] to higher genus, we define and explicitly compute 
the Bergman tau-function on different strata of the spaces Ti g of Abelian differentials over Riemann 
surfaces i.e. the spaces of pairs (C, w), where L is a compact Riemann surface of genus g > 1 and w is a 
holomorphic Abelian differential (i.e. a holomorphic 1-form) on C In global terms, the "tau-function" 
is not a function, but a section of a line bundle over the covering of a stratum of TL g (the space of 
triples (C,w,{a a , b a }), where w has fixed multiplicities of its zeros; (tt Q , 6 Q ) is a canonical basis of 
cycles) . 

An analog of the Bergman tau-function on spaces of holomorphic differentials was previously 
defined on Hurwitz spaces (see [El [16]), i.e. on the spaces of pairs (C,f), where / is a meromorphic 
function on a compact Riemann surface C with fixed multiplicities of poles and zeros of the differential 
df . In this case it coincides with the isomonodromic Jimbo-Miwa tau-function for a class of Riemann- 
Hilbert problems [20j [7] , this explains why we use the term "tau-function" in the context of spaces 

Hg. 

Generalizing statement 2 of Theorem [H we introduce the laplacian, A^l acting in the trivial line 
bundle over C, corresponding to the flat singular metric |u>| 2 . Among other flat metrics with conical 
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singularities metrics of this form are distinguished by the property that they have trivial holonomy 
along any closed loop on the Riemann surface. 

Since Abelian differentials on Riemann surfaces of genus g > 1 do have zeros, the metric |u>| 2 
has conical singularities and the laplacian is not essentially self-adjoint. Thus, one has to choose a 
proper self-adjoint extension: here we deal with the Friedrichs extension. It turns out that it is still 
possible to define the determinant of this laplacian via the regularization (jl.ip . We derive formulas 
for variations of det A'™' with respect to natural coordinates on the space of Abelian differentials. 
These formulas are direct analogs of system (|1.9p . 

Generalizing statement 3 of Theorem HJ we get an explicit formula for the determinant of the 
laplacian : 

detAH 2 = CArea(£, |u;| 2 ) {det^B} |r| 2 , (1.10) 

where B is the matrix of 6-periods of a Riemann surface of genus g, and the Bergman tau-function r 
is expressed through theta-functions and prime-forms. This formula can be considered as a natural 
generalization of the Ray-Singer formula to the higher genus case. 

Remark 1 The determinants of Laplacians in flat conical metrics first appeared in works of string 
theorists (see, e. g., |12j). An attempt to compute such determinants was made in [35]. The idea was 
to make use of Polyakov's formula [32] for the ratio of determinants of the Laplacians corresponding 
to two smooth conformally equivalent metrics. If one of the metrics in Polyakov's formula has conical 
singularity, this formula does not make sense, so one has to choose some kind of regularization of the 
arising divergent integral. This leads to an alternative definition of the determinant of Laplacian in 
conical metrics: one may simply take some smooth metric as a reference one and define the determinant 
of laplacian in a conical metric through properly regularized Polyakov formula for the pair (the conical 
metric, the reference metric). Such a way was chosen in |35] (see also [5]) for metrics given by 
the modulus square of an Abelian differential (which is exactly our case) and metrics given by the 
modulus square of a meromorphic 1-differential (in this case Laplacians have continuous spectrum 
and the spectral theory definition of their determinants, if possible, must use methods other than the 
Ray-Singer regularization). In [35] the smooth reference metric is chosen to be the Arakelov metric. 
Since the determinant of Laplacian in Arakelov metric is known (it was found in [6] and [2], see also 
[9]); such an approach leads to a heuristic formula for det A in a flat conical metric. This result 
heavily depends on the choice of the regularization procedure. The naive choice of the regularization 
leads to dependence of det A in the conical metric on the smooth reference metric which is obviously 
unsatisfactory. More sophisticated (and used in [35] and [5]) procedure of regularization eliminates 
the dependence on the reference metric but provides an expression which behaves as a tensor with 
respect to local coordinates at the zeros of the differential w and, therefore, also can not be considered 
as completely satisfactory. In any case it is unclear whether this heuristic formula for det A for 
conical metrics has something to do with the determinant of Laplacian defined via the spectrum of 
the operator A in conical metrics. 

The paper is organized as follows. In Section 2 we derive variational formulas of Rauch type 
on the spaces of Abelian differentials for basic holomorphic differentials, matrix of 6-periods, prime- 
form and other relevant objects. In section 3 we introduce and compute the Bergman tau-function 
on the space of Abelian differentials over Riemann surfaces. In Section 4 we give a survey of the 
spectral theory of the Laplacian on surfaces with flat conical metrics (polyhedral surfaces) and derive 
variational formulas for the determinants of Laplacians in such metrics. The comparison of variational 
formulas for the tau-functions with variational formulas for the determinant of Laplacian, together 
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with explicit computation of the tau-functions, leads to the explicit formulas for the determinants. 
We use our explicit formulas to derive the formulas of Polyakov type, which show how determinant of 
laplacian depends on the choice of the conical metric on a fixed Riemann surface. 

2 Variational formulas on spaces of Abelian differentials over Rie- 
mann surfaces 

2.1 Coordinates on the spaces of Abelian differentials 

The space TL g of holomorphic Abelian differentials over Riemann surfaces of genus g is the moduli 
space of pairs (C,w), where C is a compact Riemann surface of genus g > 1, and w is a holomorphic 
1-differential on C. This space is stratified according to the multiplicities of zeros of w. 

The corresponding strata may have several connected components. The classification of these 
connected components is given in [18]. In particular, the stratum of the space 7i g having the highest 
dimension (on this stratum all the zeros of w are simple) is connected. 

Denote by TC g (ki, . . . , fc^) the stratum of 7i g , consisting of differentials w which have M zeros on 
C of multiplicities {k\, ■ ■ ■ , Um)- Denote the zeros of w by Pi, ... , Pm'-, then the divisor of differential 
w is given by (w) = ^2m=i^rnPm- Let us choose a canonical basis (a a ,b a ) in the homology group 
H\(C, Z). Cutting the Riemann surface C along these cycles we get the fundamental polygon C (the 
fundamental polygon is not simply-connected unless all basic cycles pass through one point). Inside 
of C we choose M — 1 paths l m which connect the zero P\ with other zeros P m of w, m = 2, . . . , M. 
The set of paths a a , b a ,l m gives a basis in the relative homology group H\{C; (w), Z). Then the local 
coordinates on TL g {k\, . . . , /cm) can be chosen as follows ([12], P-5): 

A a := j> w , B a := j> w , z m ■= / w , a = 1, . . . ,g; m = 2, . . . , M . (2.1) 
The area of the surface L in the metric |u>| 2 can be expressed in terms of these coordinates as follows: 

9 

Vol(£) = -9^A QJ B a . 

a=l 

If all zeros of w are simple, we have M = 2g — 2; therefore, the dimension of the highest stratum 
T~t g {l, • • • , 1) equals Ag — 3. 

The Abelian integral z(P) = J p w provides a local coordinate in a neighborhood of any point 
P £ C except the zeros P\ , . . . , Pm ■ In a neighborhood of P m the local coordinate can be chosen to 
be (z(P) — z m ) l l( km+l \ The latter local coordinate is often called the distinguished local parameter. 

The following construction helps to visualize these coordinates in the case of the highest stratum 
H g (l,...,l). 

Consider g parallelograms Hi, . . . ,U g in the complex plane with coordinate z having the sides 
(Ai, P>i), . . . , (A g , B g ). Provide these parallelograms with a system of cuts 

[0,Z 2 ], [Z3,Zi], [^29-3,^29-2] 

(each cut should be repeated on two different parallelograms). Identifying the opposite sides of the 
parallelograms and glueing the obtained g tori along the cuts we get a compact Riemann surface £ 
of genus g. (See figure 1 for the case g = 3). Moreover, the differential dz on the complex plane 
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Figure 1: Representation of a generic point of the stratum ^3(1, 1, 1, 1) by gluing three tori along cuts 
connecting zeros of w. 

gives rise to a holomorphic differential w on C which has 2g — 2 zeros at the ends of the cuts. Thus, 
we get a point (£, w) from H g {l, . . . , 1). It can be shown that any generic point of 7i g (l, . . . , 1) can 
be obtained via this construction; more sophisticated glueing is required to represent points of other 
strata, or non generic points of the stratum 7i g (l, . . . , 1). 

The assertion about genericity follows from the theorem of Masur and Veech (|21|. [39], see also 
[19j) stating the ergodicity of the natural SL(2, M)-action on connected components of strata of the 
space of (normalized) Abelian differentials. Namely, denote by H' g (l, . . . ,1) the set of pairs (C,w) 
from TL g (l, . . . , 1) such that f c \w\ 2 = 1. Let a pair (£, w) from TC' g (l, . . . , 1) be obtained via the above 
construction. Then under the action of A 6 SL(2,M) it goes to the pair (£i,wx) which is obtained 
by gluing the parallelograms A(IIi), . . . , A(II g ) along the cuts [0, A22], ■ • • , [Az2 3 _3, Az2 9 -2], where 
the group SL(2, R) acts on z-plane as follows 




: z 1 — ^ (aRz + bQz) + i(c!ftz + d^z) . 



Thus, the set of pairs (C,w) from 7~i g (l, . . . , 1) which can be glued from tori is invariant w. r. t. 
ergodic SL(2, R)-action, and, therefore, has the full measure. 

To shorten the notations it is convenient to consider the coordinates {A a , B a , z m } altogether. 
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Namely, in the sequel we shall denote them by k = 1, . . . , 2g + M — 1, where 

(a ■= A a , C g+a ■= B a , a = 1, . . . , g , (2 g + m ■= z m+ i m = 1, . . . , M - 1 (2.2) 

Let us also introduce corresponding cycles s^, k = 1, . . . , 2g + M — 1, as follows: 

s a = —b a , Sg+ a = a a , a = 1, . . . , g ; (2-3) 

the cycle S2g+ m , m = 1, . . . , M — lis defined to be the small circle with positive orientation around 
the point P m +i- 

Now we are going to prove variational formulas (analogs of classical Rauch's formulas), which 
describe dependence of basic holomorphic objects on Riemann surfaces (the normalized holomorphic 
differentials, the matrix of 6-periods, the canonical meromorphic bidifferential, the Bergman projective 
connection, the prime form, etc. ) on coordinates (|2. If) on the spaces H. g (ki, . . . , Um)- We start from 
description of the objects we shall need in the sequel. 



2.2 Basic holomorphic objects on Riemann surfaces 

Denote by v a (P) the basis of holomorphic 1-forms on C normalized by § a vp = 5 a p. For a basepoint 
Po we define the Abel map A a (P) = fp o v a from the Riemann surface C to its Jacobian. 
The matrix of b-periods of the surface C is given by B a/ 3 := <f, vp. 

Recall also the definition and properties of the prime-form E, canonical meromorphic bidifferential 
w and Bergman projective connection Sb ■ 

The prime form E(P,Q) (see [HI [9]) is an antisymmetric — 1/2-differential with respect to both 
P and Q. Let 0[*](z) be the genus g theta-function corresponding to the matrix of 6-periods 
B with some odd half-integer characteristic [#]. Introduce the holomorphic differential q(P) = 
Yla=i Q[*]z (fi) v a(P )• All zeros of this differential are double and one can define the prime form 
on C by 

this expression is independent of the choice of the odd characteristic [*] . 
The prime-form has the following properties (see [0] . p. 4): 

• Under tracing of Q along the cycle a a the prime- form remains invariant; under the tracing along 
b a it gains the factor 

rQ 

exp(— 7riB Qa — 2tti / v a ) . (2-5) 
Jp 

• On the diagonal Q — > P the prime-form has first order zero (and no other zeros or poles) with 
the following asymptotics: 

E(x(P),x(Q)) v / dx(P)^dx(Q) = 

(x(Q) - x(P)) (l - ±S B {x(P))(x(Q) - x{P)f + 0((x(Q) - *(P)) 3 ) , (2.6) 

where the sub leading term Sb is called Bergman projective connection and x(P) is an arbitrary 
local parameter. 
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We recall that an arbitrary projective connection S transforms under change of the local coordinate 
y — > x as follows: 

S(y) = S(x)(^j +{x,y} (2.7) 
where {x,y} = —, — | (^t\ is the Schwarzian derivative. It is easy to verify that the term Sp in 



(|2.6p indeed transforms as (|2.7p under change of the local coordinate. Difference of two projective 
connections is a quadratic differential on C 

The canonical meromorphic bidifferential W(P, Q) is defined by w(P, Q) = dpdq log P(P, Q) (|1.3j) . 
It is symmetric: w(P, Q) = w(Q, P) and has all vanishing a-periods with respect to both P and Q; 
the only singularity of w(P,Q) is the second order pole on the diagonal P = Q with biresidue 1. 
The subleading term in expansion of w(P, Q) around diagonal is equal to Sp/6 (|1.4|) . The 6-periods 
of W(P, Q) with respect to any of its arguments are given by the basic holomorphic differentials: 
§ ba W{P,-)=2Kiv a {P). 

The prime- form can be expressed as follows in terms of w(P, Q) ([9], p. 3): 

E 2 (P,Q)dx(P)dy(Q) = Km (x(P ) - x(P))(y(Q) - y(Q )) exp (- f ° f w(- , ■)) , (2.8) 

Po-^P,Qa-+Q V Jp Jp J 

where x and y are any local parameters near Pq and Qq, respectively. 

Remark 2 Let us comment on the formula (jl.3p for w(P,Q). Since E(P,Q) is a —1/2 differential 
with respect to P and Q, this formula should be understood as 



w (p,q) = apa Q {iogP(p,Q)7(ix(p) v / d ? /(g)} , 

where x and y are arbitrary local parameters. Due to the presence of the operator 3p8q, this expression 
is independent of the choice of these local parameters; therefore it can be written in a shorter form 
CC1, see [HIET]. 

In the same way we shall understand the formula for the normalized (all a-periods vanish) differ- 
ential of the third king with poles at points P and Q and residues 1 and —1, respectively (see |27| . 
vol. 2, Chapter Illb, Sect.l, p. 212), which is extensively used below: 

^, e (fi) = 9Hlo g |fg. (2.9) 

This expression should be rigorously understood as 



where x and y are arbitrary local coordinates; independence of (|2.10p of the choice of these local 
coordinates justifies writing it in the short form (|2.9p . 

Denote by S w (x(P)) the projective connection given by the Schwarzian derivative | j P w, x(P)|, 
where x is a local parameter on C 

The next object we shall need is the vector of Riemann constants: 



2 2 



P 
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where the interior integral is taken along a path which does not intersect dC. 

Consider also the following multi-valued differential of two variables s(P, Q) (P, Q E C) 

8 (P, )=exp{-££<«)log§f^}, P.12) 

where E(R, P) is the prime-form (see [9]). The right-hand side of (|2.12p is a non-vanishing holomorphic 
g/2-differential on C with respect to P and a non-vanishing holomorphic (— <7/2)-differential with 
respect to Q. Being lifted to the universal covering of C it has along the cycle b a the automorphic factor 
exp[(<7 — l)iriTi aa + 2mK p ] with respect to P and the automorphic factor exp[(l — (7)7riB aQ — 2ttiK2 ] 
with respect to Q. 

In what follows the pivotal role is played by the following holomorphic multivalued g(l — g)/2- 
differential on C 

C ^ = Wl " TTpY E v ai ...v ag (P), (2.13) 

W[v u . . .,v g ]{P) ai ^ g=1 dz ai . . . dz ag 

where 

W(P) -deti^^ll^ 1 ^^)!! (2-14) 

is the Wronskian determinant of holomorphic differentials at the point P. 

It is easy to see that this differential has multipliers 1 and exp{— iri(g — l) 2 B aQ — 2m(g — 1)K^} 
along basic cycles a a and b a , respectively. 

The differential C is an essential ingredient of the Mumford measure on the moduli space of 
Riemann surfaces of given genus [Sj. For g > 1 the multiplicative differential s (|2.12p is expressed in 
terms of C as follows [9] : 

fC(P)\ 

s(P ' Q) = (cm) • (Z15) 

According to Corollary 1.4 from [9j, C{P) does not have any zeros. Moreover, this object admits the 
following alternative representation: 

e (Ea=i -A P (R a ) + A Q (R g ) + K p ) n a</3 E(R Q , R p ) \[ 9 a=1 s(R a ,P) 

[ ' U 9 a =iE(Q,Ra)det\\v a {R fi )\\l 0=1 s(Q,P) ' [ ' } 

where Q,Ri, . . . ,R g E C are arbitrary points of C and Ap is the Abel map with the base point P. 
For arbitrary points P, Q, Qq S C we introduce the following multi-valued 1-differential 

n p (Q)=s 2 (Q,Q )E(Q,P) 2 °- 2 (w(Q )nw(P)y- 1 (2.17) 

(the Qo-dependence of the right-hand side of (|2. lTj) plays no important role and is not indicated). 

The differential Q P (Q) has automorphy factors 1 and exp(4iriK p ) along the basic cycles a a and 
b a respectively. The only zero of the 1-form fl p on C is P; its multiplicity equals 2g — 2. 

Definition 1 The projective connection S p ay on C given by the Schwarzian derivative 

S^ ay (x(Q)) = y Q n p ,x(Q)Y (2.18) 

where x(Q) is a local coordinate on C, is called the Fay projective connection (more precisely, we have 
here a family of projective connections parameterized by point P £ C). 
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Another projective connection we shall use below is associated to the differential w and given by 
the Schwarzian derivative: 



S w {x(Q)) := w, x(Q)j , (2.19) 

where x(Q) is a local coordinate. 

The difference of projective connections S p — S w is a quadratic differential. The following lemma 
giving an expression for the 1-form (S p ay — S w )/w is a simple corollary of above definitions: 

Lemma 1 For any Q £ C, Q ^ P m , m = 1, . . . , M 

±-{S p Fay -S w ){Q)=2d Q ^^d Q log[s(Q,Q )E(Q,Py- 1 ]^--^ [d Q log[s(Q, Q )E(Q, P)*" 1 ]] 2 . 

(2.20) 

Proof. We first notice that if one chooses the local parameter x(Q) to coincide with z(Q), then the 
projective connection S w vanishes: S w (z(Q)) = 0. Therefore, to find the left-hand side of (|2.20p 
it is sufficient to compute Fay's projective connection Sp in the local parameter z(Q). From the 
definition (|2.18p of Fay's projective connection and the definition (|2.17p of multi-valued differential 
Q P (Q) we get (|2.20p taking into account that d/dz(Q) = w~ 1 {Q)dQ. 
□ 

Remark 3 In what follows we shall often treat tensor objects like E(P,Q), s(P,Q), etc as scalar 
functions of one of the arguments (or both). This makes sense after fixing the local system of coor- 
dinates, which is usually taken to be z(Q) = f w. In particular, the expression "the value of the 
tensor T at the point Q in local parameter z(Q)" will mean the value of the scalar Tw~ a at the point 
Q, where a is the tensor weight of T(Q). Very often one of the arguments (or sometimes both) of the 
prime form coincide with a point P m of the divisor (w), in this case we calculate the prime form in 
the corresponding distinguished local parameter: 

E(P,P m ) := P(P,Q)(dx m (Q)) 1 / 2 | Q=Pm . 

In the sequel we shall need the following theorem expressing the differentials s(P,Q) and Q P (Q) 
in terms of prime-forms. Since on Jacobian of the Riemann surface £ the vectors Ap((w)) and —2K P 
coincide, there exist two vectors with integer coefficients r and q such that 

A P ((w)) +2if p + Br + q= (2.21) 

(here (w) := J2m=i ^mPm is the divisor of the differential w). 

Theorem 2 The following expressions fors{P,Q) andfl p {Q) hold: 

S{F > Q) - W (Q)U\E(P,P m )S (2 ' 22) 

n p (Q) =E^(Q 1 P)w(Q){w(Q )w(P)r- 1 fj { wffi }^ e ™ <g ' ApW)> ( 2 ' 23 ) 

771=1 ^ m ' ' 
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Proof. We start from the following lemma: 



Lemma 2 The expression 

( M \ 

T:= [w{P)]^e-^ Kp ) J] [E{P,Pm)f^ \C{P) (2.24) 

lm=l J 

is independent of P. 

Proof. The tensor weight of T with respect to P is the sum of (g — l)/2 (from w(P)), J2m=i 
(from the product of the prime-forms) and g(l — g)/2 (from C(P)), which equals since J2m=i = 
2g — 2. The zeros of w(P) at {P m } are canceled against poles arising from the product of prime-forms. 

Therefore, to prove that T is constant with respect to P it remains to show that this expression 
does not have any monodromies along basic cycles. Because of uncertainty of the sign choice if 
(g — l)/2 is half- integer it is convenient to consider T 2 . The only ingredient of (|3.25p which changes 
under analytical continuation along the cycle a a is the vector of Riemann constants; the expression 
(r,K p ) transforms to (r,K p ) + (g — l)r a , which, since r a is an integer, gives trivial monodromy of 
J 72 along a a . 

Under analytical continuation along the cycle b a the prime- form E(P,P m ) is multiplied with 
exp{-7riB aa -2TTi(A(P)-A(Prn))}, andC(P) is multiplied with exp{-TTi(g-l) 2 ~B aa - 2iri(g—l)K p }. 
Finally, the expression (r,K p ) transforms to (r,K p ) + (g — l)(Br) a . 

Collecting all these terms, we see that T 2 gets multiplied with 

exp{ - 2m(g - l)[A a {(w)) + 2K P + (Br) a ]} 

which, due to (I3.26p . equals exp{— 2i:i(g — l)q Q } = 1. 

Therefore, T 2 is a holomorphic function on C with respect to P. Hence, it is a constant, as well 
as T itself. 

□ 

Now the expression (I2.22P follows from the link fl2 . 15f> between s(P,Q) and C(P) and standard 
relation between vectors of Riemann constants computed at different points: K^—K p = {g—l)Ap{Q). 
The formula (12331) follows from (12321) and definition (|2T7l) of Q P {Q). 

□ 



2.3 Variational formulas on spaces of holomorphic differentials 

Variation of the coordinates {Cfc} = {A a , B a ,z m } generically changes the conformal structure of the 
Riemann surface C Here we derive an analog of the Ahlfors-Rauch formula for the variation of the 
matrix of 6-periods of C under variation of the coordinates {Cfc}- Besides that, we find formulas for 
the variation of the objects depending not only on the moduli of C, but also on a point on C (as well 
as the choice of a local coordinate near this point), namely, the basic holomorphic differentials v a (P), 
the canonical bidifferential w(P, Q), the prime-form E(P,Q), the differential C(P) and other objects 
described in the previous section. 

We define the derivative of the basic holomorphic differentials with respect to Cfc a s follows: 

dVa(P) -<P)4r IH^) (2-25) 



z(P) ' d£ 



z(P)=const \ w(P) 
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where, as before, z(P) = J p w; v a (P)/w(P) is a meromorphic function on C with poles at {P m }. 
Outside of the points P m this function can be viewed as a function of z(P) and Cfc; the derivative of 
this function with respect to £fc in the right-hand side of (|2.25p is computed assuming that z(P) is 
independent of Ck- 

To introduce this definition in a more formal mannei0 consider the local universal family p : X — » 
Ti g (ki, . . . , Hm)- Then the set (z := Jp^ w,Ci,..., C23+M-1) gives a system of local coordinates on 
X \ (w). A vicinity of a point {(C,w), P} in the level set H z rp\ := {x £ X , z(x) = z(P)} is 
biholomorphically mapped onto a vicinity of the point (C,w) of Tt g (ki,... , ku) via the projection 
p : X — ► H g (ki, . . . , Um)- Then ((p|_H" z(P) ) -1 )* {^f} \ H is a locally holomorphic function on 
Tt g (ki, . . . , /cm) and we denote 
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fv a (P)\ 


d 




z(P)=C ons t < 


1 v,(P) J 





H z{P). 



The differentiation with respect to {Cfc} of other objects below (the bidifferential W, the prime-form 
etc) will be understood in the same sense. 

This differentiation looks very natural if C can be visualized as a union of glued tori as in Figure [TJ 
In this picture a function f(P) (depending also on moduli) on C is considered locally as a function of 
z and is differentiated with respect to A a ,B a and z m assuming that the projection z(P) of the point 
P on the z-plane remains constant. 

The derivatives ^ ^ { u^FJ } ave m eromorphic in the fundamental polygon C, since the map 

P 1 — ^ z(P) is globally defined in C\ these derivatives are not necessarily meromorphic functions globally 
defined on C since z{P) is not single-valued on C (Notice also that the map P 1— > z(P) is locally 
univalent in £ \ {Pi, . . . , Pm}.) 

The derivatives defined by (I2T25D are therefore meromorphic differentials of (1,0) type 

defined within £; they do not necessarily correspond to single-valued meromorphic differentials on £ 
itself. 

Similarly, the derivatives of w(P, Q) with respect to the moduli are defined as follows: 

""WW -»(i>(Q)#- { W j P -°' 1 (2.26) 



dCfc *(P),*(Q) ' dC, k z{P),z{Q) I w(P)w(Q) 

Derivatives of other tensor objects depending not only on moduli, but also on points of £, are defined 
in the obvious analogy to (|2.25[) and (|2.26[) . 

Remark 4 Our definition (|2,25p of the variation of v a (P) with respect to the coordinates on the space 
Ti(ki, . . . , kj[f) is different from the variational scheme used by Fay ([9], Chapter 3). In this scheme the 
variation of v a (P) in the direction defined by an arbitrary Beltrami differential is computed assuming 
that the pre-image under the Fuchsian uniformization map of the point P on the upper half-plane (for 
g > 2) is independent of the moduli. In this scheme the differential of the type (0, 1) is present in the 
variational formula for v a , w(P, Q) and other objects ([9], formula (3.21)). This (0, 1) contribution is 
absent in our deformation framework by definition (|2.25|) . (|2.26p . This difference makes it difficult to 
directly apply the variational formulas for all interesting holomorphic objects which were derived in 
[9] in our present context. However, many technical tools of [9] can be used in our framework, too. 



1 We thank the referee for mentioning this point. 
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Actually, the deformation scheme we develop here is close to the Rauch deformation of a branched 
covering via variation of a branch point |34j . In particular, in the Rauch formulas for the basic 
holomorphic differentials it is assumed that the projection of the argument of the differential on the 
base of the covering is independent of the branch points. 

Remark 5 In what follows we very often deal with the derivatives with respect to moduli of var- 
ious integrals over a contour T on the surface C. In this case calculations simplify under the as- 
sumption that the image of the contour T under the map C 3 P i— > z(P) = w does not vary 
under the variation of moduli. If the contour of integration coincides with one of the cycles, say 
01, chosen to define the fundamental polygon C, the map P t— > z{P) and the local coordinates 
{A a , B a , z m }, then one can assume that the image of this contour does not vary under variation 



of moduli {A2 , ■ 



, Ag, B\, 



Bg, Z2, ■ ■ ■ , z m } (and, of course, not A\: in this case such an assump- 



tion is no longer possible, in the sequel we shall consider expressions of the type 8a 1 § a 
detail). 

Theorem 3 The following variational formulas hold: 



m more 



dv a (P) 



1 i v a (Q)w(P,Q) 



d( k z(P) 2iri J Sh w{Q) 
dB af3 _ I v a v/3 



8w(P,Q) 



J_ f w(P,R)w(Q,R) 

z(P),z(Q) ~ 2TTi J Sk 



w{R) 



d 



z(P),z(Q) 



log{E(P,Q)w 1 /\P)w 1 /\Q)} = ~ (f -1. 

4vrz J Sk w{j 



,(R) 



dRlog 



E(P,R) 
E(Q,R) 



1 2 



_d_ 



(S B (P) - S W (P)) 



3 I w 2 (P,R) 



4P) ni J w(R) ' 



(2.27) 

(2.28) 
(2.29) 
(2.30) 
(2.31) 



where k = 1, . . . , 2g + M — 1; we assume that the local coordinate z(P) = J*^ w and z{Q) = J^r w are 
kept constant under differentiation. 



Proof. Let us prove first the variational formula (|2.27p for the normalized holomorphic differential. As 
explained in Section r2.lt we use the Abelian integral z(P) = fp roasa local coordinate in a neighbor- 
hood of any point of C not coinciding with the zeros, P m , of the differential w. In a neighborhood of 
P m the local coordinate is taken to be x m (P) = {z(P) — z m )'"' ;, " +1 ', where k m is the multiplicity of 
P m . Consider now the derivative of v a (P) with respect to z m (m > 2) assuming that the coordinate 
z(P) is independent of z m . The proof of the corresponding variational formula is completely parallel 
to the proof of the standard Rauch formula on the Hurwitz spaces (see for example Section 2.3 of 

USD- 

The differential d Zm v a (P)\ z ^ is holomorphic outside of P m and has all vanishing a-periods (since 
the a-periods of v a are constant). Let us consider the local behavior of d Zm v a (P)\ z rp\ near P m . We 
choose the local parameter near P m to be x m = (z(P) — z m ) 1// ( fem+1 ). We have 



(C + C lXm + ■ ■ ■ + C K 



+ 0(\ Xr . 



~ 1 )dXr, 



(2.32) 
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Differentiating this expansion with respect to z m for fixed z(P), we get: 

^{•MPHkP, - {Co (l - ^) ^ + C (l - ^ 



+ • • • + Cu 



1 -fc%)^ +0(1) ' ,/ '- 



(2.33) 



Consider the set of standard meromorphic differentials of second kind with vanishing a-periods: 
WJ> (P) with the only singularity at the point P m of the form x m (P)~ s ~ 1 dx m (P). Since the differen- 
tial (|2.33p also has all vanishing a-periods, it can be expressed in terms of these standard differentials 
as follows: 

^K(p)}L,p> = c a (i - w^\P) +Cl (i - j-L.) + . . . 



km + 1 



Now, the differentials TVp (P) can be expressed in terms of w(P, Q) as follows: 



(s - 1)! d Xm - 2 (Q) 



w(P,Q) 



Q = Prr 



(2.34) 



(2.35) 



Using (|2.35p we can rewrite (|2.34p in the following compact form: 



dv a (P) 



dz, n 



<P) (k m + l)(k m - 1)1 \dx m {Q) 



d 



w(P,QK(Q) 
(dx m {Q)Y 



or, equivalently, 



c^a(P) 



dz„ 



z(P) 



res 



«q(Q)w(P,Q) 
w(Q) 



(2.36) 



which leads to ([2T2TP for A; = 2o + 1, . . . , 2g + M - 1. 

Let us now prove formulas (|2.27p for k = 1, . . . 2g. For example, consider the derivative of v a with 
respect to Bp. 

Denote by U the universal covering of C; let us choose the fundamental cell (the "fundamental 
polygon" of C) C such that all the contours l m from the definition (12. 1|) of coordinates z m lie inside of 
C. The map z(P) is a holomorphic function on C with critical points at {P m }. Consider an arbitrary 
point in C which does not coincide with any zero of w; consider a neighborhood D C C of this point 
where z(P) is univalent; denote by D the image of D under mapping z(P): D = z[D]. 

Denote by the deck transformation on U which corresponds to the side b~t of the fundamental 

polygon. Consider the domain [D] lying in the fundamental cell [C] as well as its image in 
the z-plane = {z + Bp\ z £ D}. We can always take sufficiently small domain D such that 
n D = 0. The holomorphic differential v a can be lifted from £ to a holomorphic differential on 
U invariant with respect to the deck transformations. Let us write v a (P) = f(z)dz for P £ D U D^, 
z := z(P) £ DU Dbp. Since v a is invariant under the deck transformations, we have 



/(* + Bp) = f(z) 



ze D . 



(2.37) 
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Assuming z to be constant and differentiating this equality with respect to Bp, and taking into account 
that j£ (z + Bp) = j£(z) as a corollary of <|2.3Tj> . we get: 

° f (* + Bfi) = M-w ~ %(*) > z ^ b - ( 2 - 38 ) 



dBp y dBp y ' dz 

Let us denote 

dv a (P) 



$ ( p ) : =-^- z ( 2 - 39 ) 



*(p) 



Since the coordinate z(P) is single-valued on the universal covering U, the differential <3? is also single- 
valued and holomorphic on U. Consider also the quadratic differential d[v a (P)], which in a local 
coordinate x is given by (df /dx)(dx) 2 if v a (P) = f(x)dx. Now we can rewrite (12.38P in a coordinate- 



independent form: 



T h [$(P)] = $(P) - , PeD. (2.40) 



In complete analogy to (|2,40p we can show that 

T h [$(P)] =*(P) , 7^/3, (2.41) 

and 

T a7 [d>(P)] = $(P) , 7 = 1,. PeD (2.42) 

Since the formulas (12,40p . (12.411) . (12.421) are valid in a neighborhood of any point of C except {P m }, 
and the differential is holomorphic in C, we conclude that these formulas are valid for any P 6 C. 
Therefore, the differential <I> can be viewed as a differential on C itself, which is holomorphic everywhere 
except the cycle ap, where it has the additive jump given by —d[v a (P)]/w. Moreover, it has all 
vanishing a-periods (this condition of vanishing of all the a-periods obviously makes sense, since all 
the a-periods of the "jump differential" —d[v a (P)]/w also vanish). 

To write down an explicit formula for $ we recall that on the complex plane the contour integral 
(\/2m) §q f(x)(x — y)~ 2 dx taken in positive direction defines the functions /' and f r which are 
holomorphic in the interior and the exterior of C, respectively, and on C the boundary values of f r 
and / (indeces l(eft) and r (right) refer to the side of the oriented contour C, where the boundary 
value is computed) are related by the Plemelj formula f r (y) — f l (y) = —fy(y)- 

This observation allows to write immediately the formula for the differential $ with discontinuity 
—d[v a (P)]/w on the cycle ap and all vanishing a-periods: 

i i« ; ( , 43) 

2?" J ap w(Q) 

the required discontinuity on the cycle ap is implied by singularity structure of w(P, Q) and Plemelj 
formula; vanishing of all the a-periods follows from vanishing of all the a-periods of bidifferential 
w(P, Q). Formula (12"^5D implies (I2T2TD for k = M + g, . . . , M + 2g - 1. 

The formula for differentiation with respect to Ap has the different sign due to the interchange of 
"left" and "right" in that case (due to the asymmetry between the cycles ap and bp imposed by their 
intersection index ap o bp = —bp o ap = 1). 

Integrating (|2.27|) over 6-cycles and changing the order of integration, one gets (|2.28p . Formula 
(|2.29p can be proved in the same manner as (|2.27p . Formula (|2.3ip follows from the variational 
formulas for the bidifferential w(P, Q) (|2.29p in the limit P — > Q if we write down these formulas with 
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respect to the local coordinate z(P) (in this local coordinate the projective connection S w vanishes) 
and take into account the definition (jl.4p of the Bergman projective connection. 

The variational formula for the prime- form (|2.3(J|) follows from the variational formula for W(P, Q) 
(1^291) and the formula W(P,Q) = d P d Q log{E(P,Q)w 1 / 2 (P)w 1 / 2 {Q)} defining W(P,Q) in terms of 
the prime- form. Namely, applying the second derivative dpdq to (|2.30p we arrive at (|2.29[) (after 
squaring the integrand of (|2.30[) and taking into account that the functions depending on P or Q only 
are annihilated by dpdq). Since (|2.29p is valid, we see that (12.30P holds up to addition of a function of 
the form f{P) + g(Q), where f(P) and g(Q) are two functions holomorphic in C Since both left- and 
right-hand sides of (|2.30p vanish at P = Q, we have g{Q) = —f(Q) and the additional term is of the 
form f(P) — f{Q)- Furthermore, one can verify that the function f(P) is single-valued on C. Namely, 
the left- and right-hand sides of (|2.30p have trivial monodromy along any a-cycle. Under analytical 
continuation of variable P along a cycle b a the left-hand side of (|2.30p gains due to (|2,5p an additive 
term d^ k {—iri'B aa — 2-Ki{U a {P) — U a (Q))}. By making use of variational formulas (|2.27p . (|2.28p it is 
easy to verify that this term coincides with the additive term arising (due to transformation law (|2.5p ) 
in the right-hand side of (|2.30p under analytical continuation along b a with respect to variable P. 

Therefore, the function f(P) is a holomorphic single- valued function of P; thus f(P) = const and 
f(P) — f(Q) = 0; therefore, the formula (|2.30p holds without any additional constants. 

□ 

In the sequel we shall also need to differentiate the prime-form E(P, P m ) with respect to coordinate 



(this case is not covered by the variational formula (|2,30p since z(P m ) :- 



can not be kept 



constant under differentiation). Surprisingly enough, such formula still looks the same as (12.3Qf) : 



Corollary 1 The following variational formula holds for any m 

d\og{E(p,p m )w l / 2 (p)} i r i 



,M: 



dz ri 



z(P) 



1 

4iri 



S2g + m- 



, w(R) 



E(P,R) 
E(P m , R) 



1 



-res 



1 



R=P„ 



w{R) 



dfllog 



2 

E(P,P m ) := E(P,Q)(dx m {Q)) 1 ' 2 

l/(fem+l) 



E(P,R) 

E(Prn, R) 



Q = Pn 



as before, x m (Q) = (z(Q) - z m )V(^+i) = (/^ w) 



(2.44) 



Proof. In what follows we shall use the simplified notation r := k m + 1 and C := S2 g + m -i- Let 
Q be a point in a vicinity of P m whose z-coordinate is kept fixed, for x m coordinate of this point we 
shall use the simplified notation x m := x m (Q). One has z(Q) — z n 



r 

r 

'rii 



Calculating E(P,Q) in the local parameter z(Q) and in the local parameter x m , one gets 



E{P,Q)w{Q) 1 ' 2 = (E(P,Q)y/Z 



dz 

dXm. 



(Q) = (E(P,Q)y/d. 



Xm ) V fXm 



and 



dz r , 



■log(E(P,Q)w(Q) 



1/2 > 



d 

dz„ 



log (E(P,Q)^da 



r-l 



(2.45) 
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Applying to the left hand side of the last equality the variational formula (|2,3(jp for log E(P, Q) 
(an additional factor w(P) 1 / 2 in the left-hand side of (|2.30[) is inessential, since it is assumed to be 
z m -independent) one has 



1 



1 



4m Jq w(R) 



E{P,R) 
E(Q, R) 



a 



log [E(P,Q)y/di 



■X <>■■ 



r — 1 



(2.46) 



Notice that the point Q in the left hand side of (|2.46p lies outside the contour C. Let C be another 
contour encircling P m such that the point Q and contour C lie inside of C. Using the Cauchy theorem 
one gets 



1 



1 



1 



1 



4iri Jq w(R) 



dijlog 



4ni Jq w(R) 

E{P,R) 
E(Q,R) 



dfilog 



E(P,R) 
E(Q,R) 







I 1 \ 


- 2m (--?—) Res 




\w(R) [ 


\ 4m ) 


R=Q 



E(P,R) 
E(Q,R) 



(2.47) 



Since the prime-form E(Q, R) behaves as [z(Q) - z(R) + 0{(z(Q) - z(R)) 3 } y / dz(Q)^dz(R) as R -> Q, 
the residue in (|2.47p is given by 

1/2, 



w(Q) 



d Q \og{E{P,Q)w L '\Q)} . 



Writing down this expression in the local parameter x m we rewrite the right-hand side of (|2.47j) as 
follows: 



1 



1 



4m Jq w(R) 



E(P,R) 
E(Q,R) 



1 d 



r — 1 



log{^(P, Q)Vdx m } + — log X Ti 



(2.48) 



Since the prime- form is holomorphic at Q = P m , we have 

d R {log^(Q, R) y^} = d R log E(P m , R) + Oi 

and, therefore, 



1 



1 



4m Jq w(R) 



dnlog 



E(P,R) 
E(Q,R) 



4m Jq w(R) 



dnlog 



E(P,R) 
E(P m , R) 



+ 0(x m ) 



(2.49) 



(the last integral in (|2,49p does not change if we integrate over C instead of C). Now introducing the 
expansion 

log (E{P,Q)^/dx~^P)) = e + e 1 x m -\ h e r (x m ) r + 0(x T r ^ 1 ) , (2.50) 



one rewrites (|2,48p as 



1 



1 



4m Jq w{R) 



dnlog 



E(P,R) 



E(Q,R) 



1 



1 



4m J c w(R) 



dnlog 



E(P m ,R) 
E(Q,R) 



r-l 

2r(x m y 



ei + 2e 2 x m H h r e r x r m 1 

+ U{x Ti 



r-l 



(2.51) 
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On the other hand by virtue of (|2.50p the right hand side of (|2.46p can be rewritten as 



8 



dz 



log [E(P,Q)^da 



r — 1 

/ <Y* ry*i 



de 



1 



-ei 



r-l 



-e 2 



v — 1 -i 
f ' i' r i ' I 

-er^r+0(x m )-^. (2.52) 



r.r 



in 



2rx 



in 



Now from fl!P6l) . (p3TT) and (f2"30l) it follows that 



1 



4m Jc- «;(P) 



dfilog 



E(Q,R) 



which is equivalent to the statement of the corollary. 
□ 

In the sequel we shall use the following Corollary of formulas (I2.30P and (12.441) : 



Corollary 2 The following variational formulas hold: 



d\og{E(P,P n )} 



G>log{£(P;,P n )} 



z(P) 



1 

4?ri 



1 



1 

4ni 



1 



dnlog 



E(R,P) 
E{R,P n ) 



w(R) 



dplog 



E(Pi,R) 
E(P n ,R) 



I 2 



(2.53) 
(2.54) 



for any k = 1, . . . , 2g + M — 1, I, n = 1, . . . , M , I ^ n; here E(P, P n ) is defined in Corollary d - 

E(P u P n ) := E{P,Q)(dxi(Q)dx n (P)) 1 / 2 



Q = P U P=P n 



^W) = W)-4) 1/(U1) . 



Proof. Notice that in (|2.30[) one can take P = Pi and Q = P n with I ^ n for k = 1, . . . , 2g and P = Pi, 
P = P n with I ^ n and I, n ^ k — 2g + 1 for k = 2g + 1, . . . , 2g + M — 1. Namely, consider points P 
and Q in vicinities of P; and P n and apply to them (|2.30p . One has 



E(P, Q)^wJF) y/MQ) = E(P, Q)^(P)VdxZiQ) J iggl 



and 



8 



, c, — log \E(P, Q) Vdxi (P) y/dx n (Q) ) . 



log £(P,Q) 

Sending P — » P; and Q — > P n one gets the equality 



5a 



log P(P Z ,P n 



i 

47TZ 



io(P) 



<9i?log 



£(P*,P) 

E(P n ,R) 



The remaining equations stated in the Corollary can be proved in the same manner. 
□ 

Dependence of the vector of Riemann constants and differential C(P) on coordinates A a ,B a and 
z m is given by the following theorem: 
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Theorem 4 The following variational formulas on the space Tt(ki, . . . , kj^) hold: 



_d_ 



z(P) 



1 

27d 



v a (R) si^Q^Ei^P)^ 
-d R log — 



w{R) 



log{Cw Si ^ 21 {P)} 



1 

8vri 



1 



w 



(5b — S 



Fay) 



(2.55) 



(2.56) 



where k = 1, . . . ,2g + M — 1; the local parameter z{P) is kept fixed under differentiation; the value of 
the prime form E{R, P) and the tensor s(R, Qo) with respect to arguments R and Qq respectively are 
calculated in the local parameter z. 



(We notice that the product of C by a power of w in the left-hand side of (|2.56|) is a scalar function 
(i.e. it has zero tensor weight) on C, as well as the right-hand side.) 

Proof. These formulas are similar to Fay's formulas for variations of K p and C(P) with respect to 
variation of the conformal structure on C defined by an arbitrary Beltrami differential ([9], pp. 57-59). 
Unfortunately, Fay's formulas do not directly imply (I2.55p . (|2.56j) due to essentially different fixing of 
the argument P which we use here. Nevertheless the general framework of [9] is still applicable and 
we adopt it in the following proof. 



From (I2TTT1 . (I2T271) and (12T28D one has 



W 



0^a;f3=l,...,g 



1 

2vri 



E 



fca;P=l,...,g 



w{BP) j P 
vp{Q)d x d Q log E(x,Q) 



QGs fc 



1 

2^i 



E 



vp(x) 



R=x 
R=P JQ£s k 



W(Q) ) JP 

v a (Q)d R d Q log E(R,Q) 
w(Q) 



(2.57) 



where RP = apf\bp. 
Notice that 



vp{Q)d x d Q \ogE{x,Q) 



v p(Q)d x d Q log E(x,Q) 



2iri5, 



]es k Jx&a p \ w{Q) Jp" U ) ~""" kl3 w(RP) j p 

due to asymptotic expansion (II. 4p of the canonical meromorphic bidifferential. 



BP 



(2.58) 



Remark 6 Let us comment here on the appearance in the right hand sides of the two formulas above 
the second terms which at the first sight look strange. To differentiate an integral, say § a Gdz, over 
the cycle ap with respect to the variable Ap one cuts the surface along the basic cycles and integrates 
along the contour ap which now is a part of the boundary of the fundamental polygon C Choose a 
finite cover of the contour an by the open intervals Ik such that the map P \— ► z{P) is univalent inside 
each interval and let {xj} be the corresponding partition of unity. Then § a Gw = EE j] Xj( z )G(z)dz 
and the last integral in the sum is an integral with variable upper limit: when the coordinate Ap 
gets an increment this upper limit gets the same increment. Thus, after differentiation of the integral 
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§ a G an extra term appears: the value of the integrand at the end point of the contour a a (that is 

the point R@). It should be noted that the third term in (|2.57j) implicitly depends on the point R@: 
the iterated integral § a ^ § b ^ entering this term is singular at the point of intersection of a@ and bp and 
its value changes when we move the contours inside their homology classes changing the point of their 
intersection. On the other hand the sum of the second and the third terms in the right hand side of 
(|2.57p does not depend on R 13 and the concrete choice of the contours an, bp within their homology 
classes. 

To explain the appearance of the second term in the right hand side of (12.580 we observe that the 
integrand of the iterated integral <f a ^ ^ in the left hand side of (|2.58p has the second order singularity 

at the point R@. Localizing the problem, i. e. making the contours of integration locally coincide with 
the subintervals of real and imaginary axis containing the origin and writing the integrand as 

+ ( — - — ] | dxdy 
\x - lyj J 

in a vicinity of R^, one sees that after changing of the order of integration the right hand side of (|2.58l) 
gets the extra term 




w{RP) Jp a \J y= _ a J x= _ a (x -iy) 2 J x= _ a J y= _ a (x-iy) 2 J w(RP) J p 

where we used the fact that the expression in the braces equals — 2ir. The analytic background of 
this fact is that the logarithmic expression arising in the first iterated integral is computed assuming 
that the branch cut of the logarithm goes from to +ioo along the imaginary axis; in the second 
integral the branch cut of the logarithm is chosen along the real axis from to +oo. Equivalently, 
one calculates the first iterated integral as —2 f® a y i^ a i = — tt, while the second iterated integral gives 

■l — a x 2 +a' 2 



7T. 



Thus, after changing the order of integration and integration by parts the right-hand side of (|2.57p 
reduces to 

1 f 1 I . , ,, \ - /' , ,, E(Q,x) 



d Q log E(Q,x)v /3 (Q)v a (x) - Vfi(x)v a (Q)dQ log 



f3^a Ja P 

As it is explained in ([9], p. 58) the quadratic differential in the braces coincides with 

s(Q,Q )E(Q,P)9- 1 



E(Q,P) 



-v a {Q)d Q log- 

which gives (|2.55p . 

To prove (|2.56p we need the following lemmas. 



y/v a (Q) 



Lemma 3 Let the coordinates z(P) and z{Q) be kept fixed and all the tensor objects with arguments 
P,Q and Qq are calculated in the local parameter z. Then 

<91ogs(P,Q) 1 r 1 , E(R,P) 



Si£^) a ' ilOE i|tly a ' ilog[s2(fi '* >EWP) " l£W<3) " 11 • (2 ' 59> 



where the values of s and the prime form are calculated in the local parameter z. 
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Proof. Assume for simplicity that none of the cycles a a , a = 1, . . . ,g has a nonzero intersection 
index with s^. (The case with intersections presents no serious difficulty, one should observe that the 
arising additional terms disappear after the change of order of integration - cf. (|2.57|) and (|2.58|) .) 
Using ([2T2D . (12301) and (12371) . w e get 

To simplify the first sum in (|2,60p we change the order of integration, integrate by parts, rewrite the 
interior integral as an integral over the boundary of the fundamental domain and (at the final step) 
apply the Cauchy theorem: 

- / ~Tm [(^logi?(P,i?)) 2 - (^log£:(Q,i?)) 2 ] . (2.61) 

The second equality in the sequence of equalities above follows from ()2.5[) , the single- valuedness of 
the one-form 

x ^ iog £(*,Q) 

on £ and the relation 

af3 x E(x,Q) 

which holds due to single- valuedness of the prime form along the a-cycles. The last equality holds 
since 



The second sum in (|2.60p transforms as follows 



E(Q,R) + 



+d R log(£(P, R)E(Q, R))8 R log 



E(P,R) 

E(P,R) 
E(Q,R) 



21 



1 



r 1 1 e(p,r) ^ r e(x 

™J Resk w(R) 2 E{Q,R)j^ x J xea0 E(x, 



E(x,R) 
Qo) 



+ 



+ 9 -d R log(E(P, R)E(Q, R))d R log ||^|| 



1 



4vri J Sk w(R) 



9r log S^'^ flfl log(s 2 («, Q )£ 9 (P, #)£ 9 (Q, i?)) 



(2.62) 



£(Q,i?) 

The statement of the lemma follows from (f2T60|) . ([21IT]) and ([2T62]) . 

□ 

The next lemma describes the variation of the determinant det | \v a (Rp)\ | from the denominator of 
expression (12.16p . 

Lemma 4 Assume that the z-coordinates of the points Ri, . . . , R„, P are moduli-independent. Then 



lim 

R!,...,Rg->P 



dlog det \\v a (Ri3)\\ 
dCk 



1 9 

— y 

2-Ki ^ 



Proof. Denoting the matrix ||t> Q (it^)|| by V and using (|2.27p . one has 



^d 2 ZaZ0 \og®{K p - A P {R))v a {R)vp{R). (2.63) 



dlogdetV 



dCk 



Tr <^ V" 1 



1 

2^i 



v a (R)w(Rp,R) 



w(R) 



hi ^E^" 1 )^^'^^)- 

2m J Sk w(R) 



Due to equation (35) from [8] this expression can be rewritten as 



^f-^t dialog® [Y J Ap{R a )-A P {R)+K p \v a {R)vp{R) 

Jsk ^ ' a,8=l \a=l / 



and one gets (|2.63j) sending R\, . . . , R g to P, when all Ap(R a ) — > 0. 
□ 

Similarly to [9], we are to vary the logarithm of the right hand side of expression (|2.16p and 
pass to the limit R±, . . . , R g — > P, and then Q — > P^. In what follows all the tensor objects with 
arguments P, Q, Qo, R%, . . . , R g are calculated in the local parameter z. Using (|2.28p we can represent 
the variation of the theta-functional term from the numerator of (|2.16p as follows 

9-1 

d Ck log Q(J2 A P (R,) + A Q (R g ) + K P \B) = 

7=1 



We have 



E 

a=l 



E*=i R~i 



+( 9 -i)p 
v a -- 



■j a + d Ck K p 



dlog G 

dz n 



+ E 

a,P=l 



SlogG I v a {R)vp{R) 



dB 



a/3 



w(R) 



2vri J Sk w{R) J Q+{g _ 1)P 



E? =1 R-f 



d R d x log E(x,R)v a {R) 



(2.64) 
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= ^- j> -^{d R logE(P,R)v a (R)-d R logE(Q,R)v a (R)} + o{l) (2.65) 
2vr« J Sk w{R) 

as Pi, . . . , R g — > P. 

Now from (|2,64p . (I2.65p . (12. lip , the heat equation for the theta- function and the obvious relation 

9 

d R log S(K P - A P (R)) = - ]T(log Q) Za v a (R) 

a=l 

it follows that 

9-1 

lim % log 9(^^lp( J R 7 ) + .4 Q (P S ) + P p | B) = 



-Rl ,...,Rg— *P 



7=1 



= ^P) {^ lo g ( K -^))^iog[s(i?,Q )^(i?,P)] + 46(^-.4p(fl)) 

+ Y, d *« log 6(P P - A P {Q))d R log £?(Q, PK(#) 1 + o(l) (2.66) 

a=l J 

as Q — > P. 

The variation of remaining terms in the right hand side of (|2.16p is much easier. One has 



lim 9 fjk ^log^(12 a ,fl /9 ) = 0, (2.67) 
fl ll ...,il e -p a<f3 

9 

lim %^logs(i? 7 ,P) = (2.68) 

7=1 



due to (|2.30p and Lemma [3j 

Now using (|2.16p , summing up ()2.59p , (|2.66l - I2.69j) and (|2.63p , cleverly rearranging the terms (as 
Fay does on p. 59 of [9]) and sending Q — ► R, we get 



% logC(P) 

1 / 1 f i MPWtHP)]- 1 ^^ - ^p)) 1 , . r n ™ D mi 

™ 1 MP) jl e ( ^-^(p)) ^ loge(K -^(^))^log[s(P,Qo)^(i?,P)] 

1, wr ,„ _ „,„ _ 1 . ,„ „ _ , „, 2o-l 



^(P^XKP)]" 1 ^) log E(R, P) + log s(P, Q )d R log P(P, P) + -^(fti log £7(12, P)f 



8 R log P(P, Q) Y d ** lo S ( KP " A P (Q))v a (R) + a R log[s(P, Q )E°(R, P)] 



\a=l 



i( w{ R)d R )(MR)]-^ R )EiR 1 Q 1 _ £ ^^^e^-^^K^^P) 



E(R,Q) 



} • (2-70) 



Q=K 
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Due to (|2.6|) . one has 

lim d R log E(R,Q) [Y,d z JogQ(K p - A P (Q))v a (R) + d R log[s(R,Q )E3(R,P)} 

Q ^ R \a=l , 

1 / s(R,Q )E3(R,P) 

z(Q)™(R) z(Q) - z(R) \ R ° g 0{K p - A(R)) + 

+ E C^ lo g (^ p -^( fi )K(^/3(^)W)-^)) + °(W)-^)) 2 

a,/3=l 

= 9l zg log@(K p -A P {R))v a (R)vf,(R). 

a,P=l 

Here we made use of the fact that the function 

s(R,Q )E9(R,P) 
R " Q{K P ~ A P {R)) (2 - 71) 

for fixed P is holomorphic (since the zero of multiplicity g at R = P is canceled by the zero of the 
same multiplicity of E 9 (R, P) while s(R, Qq) is non-singular in C) and single- valued on C (using (|2,5p 
and information about the twists of s given after formula (|2.12|) , one sees that all the monodromies of 
this function along the basic cycles are trivial) and, therefore, a constant. Using (|2.6p . we see that 

w(R)d R ([w(R)]- 1 d R )E(R,Q) 1 

Thus, the last two lines of (|2.70p simplify to — ^^r^^ ■ Using the /^-independence of expression 
(|2.7ip once again, we may rewrite the remaining part of (|2.70p as 

-MR)d R -^- d R log[ S (R,Q )E(R,Py- 1 } - ](d R log[ S (R,Q )E(R,Py- 1 }) 2 , 
4 w(R) 4 

which coincides with ^(Sp ay — S w ) due to relation (|2.20p . Formula (I2.56P is proved. □ 
Corollary 3 The variational formula \2. 55\) can be equivalently rewritten as follows: 

1 I MR) dRlog s(R,Qo)EjR,P)^ {2n) 



dK a 



or 



dK a 



z(P) 2vri J Sh w{R) xA<R) 
| | m , T1U n m N t 

- = (I) ?)_.(' R\ < F)t> lno- 

d(k 

where integer vector r is defined by h2.21\) 

Proof. The difference between ()2.55|) and (|2.72p is, up to a constant factor, given by the integral 



„ w(R) " " w(R) /„ " w(R) 

Since v a (R)/w(R) is a single-valued meromorphic function on £, this integral vanishes. 

The expression (I2.73P follows from representation (|2.22j) of the differential s(P, Q) in terms of 
prime-forms. 

□ 



24 



2.4 Relation to Teichmiiller deformation 



Here we point out a close link of our deformation framework on the moduli spaces of holomorphic 
differentials with Teichmiiller deformation. The existence and uniqueness theorems of Teichmiiller 
state that any two points in Teichmiiller space of Riemann surfaces of given genus are related by so- 
called Teichmiiller deformation (see for example [I]) defined by a holomorphic quadratic differential 
W and a real positive number k. For our present purposes we assume that W = w 2 , where w is 
a holomorphic differential on C (for and arbitrary W its "square root" w is a holomorphic 1-form 
on two-sheeted "canonical covering" of C). The form w defines local coordinate z(P) = J Pq w in a 
neighborhood of any point Po G C. Introduce real coordinates (x,y): z = x + iy. Then Teichmiiller 
deformation corresponds to stretching in horizontal direction with some constant coefficient: x — > 
y — > y; such stretching is defined globally on C. The finite Beltrami differential corresponding 
to such finite variation of conformal structure is given by k^ ([T], p. 32). Infinitesimally, when k — > 0, 
the stretching is given by x — > (1 + 2k) x and Beltrami differential defining infinitesimal deformation 
d/dk at k = is 

= - (2.74) 

w 

Under infinitesimal deformation of the complex structure by an arbitrary Beltrami differential [i the 
variation of the matrix of 6-periods is given by the Ahlfors-Rauch formula ([26j. p. 263): 

B a/ 3 = / v a A (fiwVfi) (2.75) 



6„B aP :- - 



t=Q 



Therefore, according to (|2.75p . variation of the matrix of 6-periods under infinitesimal Teichmiiller 
deformation is given by 



, f\ V p = - -A») (2.76) 

dk k=o J c w Jc w 

Applying Stokes theorem to the fundamental polygon C with deleted neighborhoods of zeros of dif- 
ferential w, we further rewrite (|2.T6[) as an integral over boundary: 



f r M 
< <b -2ni V 
1"^ 



■ >^(n (2-77) 



Po 



where Po is an arbitrary basepoint. Since both forms and w are closed outside of zeros of w, in 
analogy to the standard proof of Riemann bilinear relations (see, e. g., [26 , p. 257), choosing P to 
coincide with Pi, we rewrite this using the coordinates (|2.ip as follows: 



dB 



a/3 



dk 




M 

+ 2ni V z m res| Pm ^ (2.78) 
^ w 



m=2 

On the other hand, we have J c -2-JL A to = 0, which, repeating the same computation, implies, 

M 

} + 2-ki y z m Tes\ Pm (2.79) 

J °i ) m=2 

Adding up ([2~7T8"|) and (f2?f9]l . we get: 

M 




dB 



a/3 



dk 



= 2 V (KP 7 ) l^l- (UA 7 ) I V(Kz m )res| Pm ^ (2.80) 

=° U\ Ia -< W Jh -< W ) ^2 
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Let us now verify that our variational formulas (|2.28p for the matrix of b-periods lead to the same 
result. Under Teichmiiller deformation QA a , QB a and 3 s z m remain unchanged, and corresponding 
real parts infinitesimally multiply with 1 + 2k. Therefore, 



dB 



a/3 



dk 



« - 2 » ffi ^H^ + 2 B^>^ + %^' ] wt) (2 ' 81> 



in complete agreement with (|2.80p if we take into account that is independent of A a , B a and z m 
(i.e. for example q^^) = IJxf e ^ c ) anc ^ substitute here our variational formulas (|2.28[> . 

3 Bergman tau-function 

Definition 2 The Bergman tau-function t(C, w) on the stratum TC g (ki, . . . , kM) of the space of Abelian 
differentials is locally defined by the following system of equations: 

dlogr(C,w) _ 1 I S B -S W 



dCk 12vri J Sk w 

where k = 1, . . . , 2g + M — 1; Sb is the Bergman projective connection; S w (x) := j j P w, x|; the 
difference between two projective connections Sb and S w is a meromorphic quadratic differential with 
poles at the zeros ofw. 



To justify this definition one needs to prove that the system of equations (13. ip is compatible. This 
follows in principle from the fact that in the sequel we find an explicit expression for r(£, w). However, 
the computation of t(C, w) is rather lengthy and technical, while the straightforward verification of 
compatibility of equations (|3. If) is simple, and we present it here. 

Denote the right-hand sides of equations (|3.ip by H^. In analogy with the construction of the 
Bergman tau-function on Hurwitz spaces (|15j) we call these quantities Hamiltonians. Here it will be 
necessary to distinguish three groups of the coordinates on Ji{k\, ■ ■ ■ , /cm); so we shall also use the 
self-explanatory notation H Aa , H Ba and H Zm for these Hamiltonians. 

We have to show that 9 qb^ = 9 q A ^ , = 9 dzm ' e ^ c ' ^ os * °^ these equations immediately 

follow from Theorem [3] and the symmetry of the bidifferential w(P, Q). 

For example, to prove that 

dH Aa dH A ? 

(3.2) 



dAp dA a 

for a (5 we write down the left-hand side as 

dH A °> 1 f £ w 2 (P,Q) 



dA p 4vr2 J aa J af) w(P)w(Q) 



(3.3) 



which is obviously symmetric with respect to interchange of A a and Ap since the cycles a a and aa 
always can be chosen non-intersecting. Similarly, one can prove all other symmetry relations where 
the integration contours don't intersect (interpreting the residue at P m in terms of the integral over a 
small contour encircling P m ). 
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The only equations which require interchange of the order of integration over intersecting cycles 

are 

Q H A a ^ QH B a 
dB a ~ dA a ' 

To prove (13. 4p we denote the intersection point of a a and b a by Q a ; then we have: 



(3.4) 



bh^_ i o u s B -s w \_ i ss-s* i r r ^(p,q) 



8B a \2mdB a \J K w J 12m w K ^ a ' 4tt 2 J ha J aa w(P)w(Q) 

where the value of 1-form -^(Sb — S w ) at the point Q a is computed in coordinate the z(P). The 
additional term in f)3.5j) arises from dependence of the cycle b a in the z-plane on B a (the difference 
between the initial and endpoints of the cycle b a in z-plane is exactly B a ), which has to be taken into 
account in the process of differentiation (cf. the arguments given in Remark [6]). 
In the same way we find that 

dH Ba _ 1 3 II S B -S„ A _ 1 S.-S. If t .'(P,g) 



dA a l2widA a Ua„ y I 12" y It* /.„/»„ w(P)w(Q) 

(note the change of the sign in front of the term — (Sb — S w )(Q a ) in (|3.6[) comparing with (|3.5p ). 
Interchanging the order of integration in, say, (|3.5p we come to (j3.6|) after elementary analysis of the 
behavior of the integrals in a neighborhood of the singular point Q a . (Notice that near the diagonal 
P = Q one has 



(z(P)-z(Q)' 3 (z(P)-z{Q)Y \z(P)-z{Q) 

and only the second term gives a nontrivial input into the difference 

fb a fb a fao) w(P)w(Q) ' 

cf. Remark [6l) 

This completes the proof of existence of the Bergman tau-function defined by (13. ip . 



3.1 Global definition of the Bergman tau-function 

The right-hand side of formulas (|3.ip depends not only on the choice of the canonical basis of absolute 
homologies on the surface C, but also on mutual positions of the basic cycles and the points of the 
divisor (w), i.e. it depends on the choice of the basis (a a , b a , l m ) in H\{C, {Pi, . . . , Pm}', 

However, it turns out that dependence on the choice of contours {l m } is in fact absent, and one 
possible global definition of the tau-function could be as a horizontal section of some (flat) line bundle 
T over the covering Ti g (ki, . . . , /cm) of the space H g (ki, . . . , &m )■ Here Ti g (ki, . . . , fcjvf ) is the space 
of triples (C,w,{a a ,b a }), where {a a ,b a } is a canonical basis in the first homologies Hi(£, Z). In the 
trivial line bundle 7i. g (ki, . . . , /cm) x C introduce the connection 

2g+M-l 

d B = d- Y, HCkd &- ( 3 - 7 ) 

k=l 
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(Here d is the external differentiation having both "holomorphic" and "antiholomorphic" components.) 
The Lemma [5] below shows that this connection is well-defined on TC g (ki, . . . , Jcm) i- e. expression 
(|3.7|) is independent of the choice of contours l m connecting the zeros Pi and P m . 

Let two systems of cuts on C: {a a ,b a } and {a' a ,b' a } define the same canonical basis in H\{C,X). 
Notice that the cycles a a and (as well as b a and b' a ) are not necessarily equivalent as elements 
of Hi(£, {Pi, . . . , Pm}', Z). Let C and £ be the corresponding fundamental polygons and let {Ck} = 
{A a , B a , z m }, {(' k } = {A' a , B' a , z' m } be the corresponding systems of local coordinates on H g (ki, . . . , &m) 
We recall that when defining the coordinate z m (or z' m ) we integrate the differential w over a contour 
l m (or l' m ) connecting the zeros Pi and P m and lying inside the fundamental polygon C (or £'). Let 
also H^ k and H^k be the corresponding Hamiltonians. 

Lemma 5 The following equality holds 

2g+M~l 2g+M-l 

Y H^d( k = y H< ' kd &- ( 3 - 8 ) 

k=l k=l 

Proof. We may deform one system of cuts (keeping it defining the same canonical basis in Hi(£,Z)) 
into another through a sequence of elementary moves: each elementary move corresponds to passing 
of a chosen zero P& of w from one shore of some cut to another. It is sufficient to show that (|3.8[) holds 
if the system of cuts {a' a , b' a } can be obtained from the system {a a , b a } via one elementary move. 

Let the zero Pt pass from the right shore of the (oriented) cut o 7 to its left shore. Due to the 
Cauchy theorem we have 

H BL < = H B ~< + H Zk (3.9) 
and all other Hamiltonians do not change. The coordinate z^ transforms to 

4 = z k ~ By (3.10) 

and all other coordinates do not change. Equation (13. 8\\ immediately follows from (13. 9\\ and (I3.10|) . 
Let the zero P& pass from the right shore of the (oriented) cut 6 7 to its left shore. Then 

H A '~< = H A ~< - H Zk (3.11) 

and all other Hamiltonians do not change. The coordinate z^ transforms to 

4 = z k + Ay (3.12) 

and all other coordinates do not change. Equation (13.8H again holds. □ 

The compatibility of equations (|3.ip provides flatness of connection (|3.7p . 
The flat connection ds determines a character of the fundamental group of "H g (ki, 

representation 

P ■ ni(H g (ki, k M )) -> C* . 

Denote by U the universal covering of H g (ki, . . . , ); then the group 7Ti (?i g (ki, . 
the direct product U x C as follows: 

g(u,z) = (gu,p(g)z) , 

where u G U, z G C, g G TTi(7i g (ki, . . . , fcju)))- The factor space (u x /'Ki('H g (ki, . . . , kM)) has 

the structure of a holomorphic line bundle over Tt g (ki, . . . , /cm); we denote this bundle by T. Now the 
local definition 13.11 of the Bergman tau- function can be reformulated as follows: 



. . . , /cm) i-e. the 
(3.13) 
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Definition 3 The flat holomorphic line bundle T equipped with the flat connection dp is called the 
Bergman line bundle over the space H g (ki, . . . , &m)- The (unique up to a multiplicative constant) 
horizontal holomorphic section of the bundle T is called the Bergman r-function. 

3.2 Explicit formula for the Bergman tau-function 

Here we are going to give an explicit formula for the Bergman tau-function. As the first step we 
rewrite the definition of the tau-function (|3.ip can be rewritten as follows: 

dlogT(C,w) = 1_ r S B - S p ay i_ r S p ay - S w 

d( k 12m J Sk w 127™ J Sk w 

where S p ay is Fay's projective connection (|2.18j) . The first term in (|3.14p can be integrated in terms 
of differential C{P) (|2. 13|) using the variational formula (|2.56p . 

To formulate the theorem giving the antiderivative of the second term in (I3.14h we introduce two 
vectors r and q with integer coefficients such that for a given choice of the fundamental cell C 

A P ((w)) + 2K P + Bt + q= . (3.15) 



Theorem 5 For any point P E C not coinciding with any P m introduce the following function Q{P) 
on jC: 



M 



(2 5 -2) 2 



n E km (p,p n 



4 9 -4 M 

II E- 2k ^(P m ,P n ) (3.16) 



, m=l 



m,n=l m<n 



Then the following variational formulas hold: 

diog g(p) 



1 



z(P) iri 



qP _ q 
D Fay °u 

W 



(3.17) 



Proof. To simplify our computation in this proof for any Q £ C we introduce the 1-forms /q (these 
forms are meromorphic on C, but their combinations arising below are all meromorphic one-forms on 
C itself). If Q does not coincide with any P m , f Q (R) = d R \og{E{R,Q)w l / 2 {R)w 1 / 2 {Q)}. For Q = P m 
we define f Pm (R) = d R \og{E(R,P m )w l l 2 (R)}. 

To compute the left-hand side of (13. 17ft we use variational formulas . (|2.53p . (j2.54[) (12.281) and (|2.55|) 
for the prime-form, K p and B. Using (|2.53p and (|2.54p we get: 



d log G(P) 



z(P) 



~ I i l(4g- 4) km(fp ~ fpj 2 ~ 2 k m Ufp n ~ fp m A 

I m=l m<n J 



+8vri ( r, 



dK p \ 



dB 

+ 2tt2 ( r, — r 



For dB/d^k we shall use the variational formula (|2.28p : for dK p /dQk w e shall use the formula (I2.73|) . 
From (|2.73|) we have: 



(3.18) 
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Taking into account (|2.28|) . we get 



d(r, Br) 



(r, v( J R)) 2 



w 



(3.19) 



Let us observe now that the first term in (|2.73p can be rewritten as 



Now (|2.73p can be rewritten as follows: 

d log g{p) 



z(P) 2m 



+2 



{(2 5 -2)/ P -|; fcm / Pm }-2^£^^ 



(r, v(i?)) 
w(R) 



(3.20) 



Consider now the right-hand side of (|3.17p . Using formula (|2.22|) for the differential s we have: 



M f E(R,P) ^ " 



2m 



(r, v) 



Substituting this expression into representation (12.20P of the 1-form (Sp — S w )/w, we get 



(3.21) 



1 



qP c 

°Fay °u 

W 



+ 



1 



TTI 







2m 
1 



ft 



w(R) 



9r log J| 



r E(R,P) 



2m 



(r, v(R)) 



(3.22) 



«* ^ - \ -v m= i 

The first integral in the right-hand side of (13.221) coincides with the right-hand side of (|3.20p . The 
second integral in the right-hand side of (|3.22p vanishes, since it is an integral of the derivative of the 
meromorphic function in the braces over a closed contour. The theorem is proved. 
□ 

Now from variational formula for differential C (12.561) and Theorem [5] we get the formula for 
Bergman tau-function: 



r(C,w) = (g(P)) 



-1/12 



C(P){w(P)} 



9(9-l)/2 



2/3 



(3.23) 



We notice that the expression if the right-hand side of (|3.23[) is in fact independent of the choice of 
point P. Taking into account expression for Q(P) (|3.16p . we come to the following theorem: 
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Theorem 6 The Bergman tau-function on the space H. g (ki, . . . , Um) is given by the following formula: 



m,n, m<n 



T{£,w)=F 2/3 e-f( r > B ^ ]"[ {E{P m ,P n )} k ™ k ^ 6 (3.24) 
where the function T defined by {2.2$ : 

T = KP)]^-"^) ( [] [E(P, P m )] i1 ^ \ C(P) (3.25) 

lm=l J 

is independent of P; the integer vector r is defined by the equality 

A((w)) +2K p + Br + q = ; (3.26) 

q is another integer vector, (w) is the divisor of the differential w, the initial point of the Abel map A 
coincides with P and all the paths are chosen inside the same fundamental polygon C 

The expression (|3.24p . f)3.25|) for the Bergman tau-function can be slightly simplified for the case 
of the highest stratum H g (l, . . . , 1). 

Lemma 6 Let all the zeros of the Abelian differential w be simple. Then the fundamental cell C can 
always be chosen such that A((w)) + 2K P = 0. 

Proof. For an arbitrary choice of the fundamental cell we can claim that the vector A((w)) + 2K P 
coincides with on the Jacobian of the surface C, i.e. there exist two integer vectors r and q such that 
A((w)) + 2K P + Br + q = 0. Fix some zero Pk of w; according to our assumption this zero is simple. 
By a smooth deformation of a cycle a a within a given homological class we can stretch this cycle in 
such a way that the point Pk crosses this cycle; two possible directions of the crossing correspond to 
the jump of component r a of the vector r to +1 or —1. Similarly, if we deform a cycle b a in such a 
way that it is crossed by the point Pk, the component q^ of the vector q also jumps by ±1. Repeating 
such procedure, we come to fundamental domain where r = q = 0. 
□ 

From the proof it is clear that even a stronger statement is true: the choice of the fundamental 
domain such that A{{w)) + 2K P = is always possible if the differential w has at least one simple 
zero. 

Corollary 4 Consider the highest stratum T~t(l, . . . , 1) of the space H. g containing Abelian differentials 
w with simple zeros. Let us choose the fundamental cell C such that A((w)) + 2K P = 0. Then the 
Bergman tau-function on . . . , 1) can be written as follows: 

2g-2 

t{C,w)=F 2 / z 11 [£?(P m ,P0] 1/6 (3-27) 

m,l=l m<l 

where expression 

2g-2 

T:= [w(P)]^C(P) HiE^Pn)}^ (3.28) 

m=l 

does not depend on P; all prime-forms are evaluated at the points P m in the distinguished local pa- 

/ p \l/2 

rameters x m (P) = f J p w) 
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The following corollary describes the dependence of the Bergman tau-function on the choice of 
holomorphic differential assuming that he Riemann surface remains the same. For simplicity we 
assume that all zeros of both holomorphic differentials are simple, and none of the zeros of the first 
differential coincides with a zero of the second differential. This corollary will be used below in 
deriving formulas of Polyakov type, which describe the dependence of the determinant of Laplacian 
on the choice of flat conical metric on a fixed Riemann surface. 



Corollary 5 Let w and w be two holomorphic 1- forms with simple zeros on the same Riemann surface 
C; assume that all of these zeros are different. Introduce their divisors (w) := Ylm=i ^rn and (w) :- 



2 £ = l P m . Then 



t(C, w) 
t(C,w) 



2g-2 

n 

m=l 



^\ Pm {w 2 /w} 
^s\ Pm {w 2 /w} 



1/24 



(3.29) 



Proof. The distinguished local parameter in a neighborhood of P m is x m {P) := f 1 



neighborhood of P m the distinguished local parameter is x m {P) := Jp 
(|3.29p can be alternatively rewritten as follows: 



w 



1/2 



W 



1/2 



m a 



Then the formula 



2g-2 



2g~2 



T(£,W) J] W 1/12 {P m ) =T(C,W) [] W^iPrr 
m=l m=l 



where we use the standard convention for evaluation of the differentials w and w at their zeros: 



w(Pm) ■-- 



w(P) 



dx m (P) 



P=Pn. 



w(P m ) :-- 



w(P) 



dXm(P) 



P=Pn 



(3.30) 



Let us assume that the fundamental cell C is chosen in such a way that the Abel maps of divisors (w) 
and (w) equal 2K ; this choice is always possible (see Lemma [6|) in our present case, when all points 
of these divisors have multiplicity 1. Then we get, according to the formulas (|3.27p (all products below 
are taken from 1 to 2g — 2): 



JJ w(Pn) "Q E 2 {P m ,P n ) \w{P)\[ m E{P,P n 
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H P m) i< n E 2 (P m ,P n ) \w(P)Tl m E(P,P n 



(3.31) 



Since this expression is independent of P, we can split the power 4g — 4 of the expression in the 
braces into product over arbitrary Ag — 4 points, in particular, into product over Pi,... , P2g-i and 
Pi, ... , P2g— 2- Then most of the terms in (|3.31|) cancel each other. The only terms left are due to the 
fact that the prime-forms vanish at coinciding arguments; this compensates vanishing of w and w at 
their zeros. As a result we can rewrite (|3.3ip as follows: 



n 



w(P) Um E{P,P m ){dx m {P)fl 2 \ 

P~P m E(P,P m )(dx m (Pf/ 2 P™ m w{P) J 



lim 



(3.32) 



which equals 1, since, say, in a neighborhood of P m we have w(P) = 2x m (P)dx m (P) and E(P,P m ) 
x m {P)/y/dx m {P). 
□ 
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Remark 7 In the early version of this paper Theorem (which is the key point of the proof of the 
explicit expression for the tau-function) was proved in an indirect way, parallel to the proof of the 
formula for Bergman tau-function on Hurwitz spaces [TB]. Namely, it was shown that the modulus 
square |£/(-P)| 2 of the function Q from (|3.16p up to a moduli independent constant coincides with the 
properly regularized Dirichlet integral 

D-i/jjW, 

where (ft = log | 1 2 and the one- form £l p is defined in (|2.17p . This explains how one can guess 
expression (|3.16p : this guess is based on general idea (coming from string theory) that Dirichlet and 
Liouville integrals arise in integrating projective connections. After that via a rather complicated 
calculation it was shown that the Dirichlet integral D satisfies the same system of equations (I3.17j) as 
the function Q. 



4 Determinants of Laplacians in the metrics \wy 
4.1 Laplacians on polyhedral surfaces. Basic facts 

Any holomorphic Abelian differential w defines a natural flat metric on the Riemann surface C given 
by \w\ 2 . This metric has conical singularities at the zeroes of w. The cone angle of the metric \w\ 2 
equals 2{k + 1)tt at the zero of w of multiplicity k. The surface C provided with metric \w\ 2 is a special 
case of a compact polyhedral surface, i. e. a two dimensional compact Riemannian manifold provided 
with flat metric with conical singularities (any such surface can be glued from Euclidean triangles, see 

Here we give a short self-contained survey of some basic facts from the spectral theory of Laplacian 
on compact polyhedral surfaces. We start with recalling the (slightly modified) Carslaw construction 
(1909) of the heat kernel on a cone. Then we describe all self-adjoint extensions of conical Laplacian 
(these results are complementary to Kondratjev's study [I7J of elliptic equations on conical manifolds 
and are well-known, being in the folklore since sixties; their generalization to the case of Laplacians 
acting on p-forms can be found in [25]). Finally, we establish the precise heat asymptotics for the 
Friedrichs extension of the Laplacian on a compact polyhedral surface. More general results on the 
heat asymptotics for Laplacians acting on p-forms on piecewise flat pseudomanifolds can be found in 

12- 



4.1.1 The heat kernel on infinite cone 

We start from the standard heat kernel 

g 27r (x, y; t) = JL exp j ~ (x ~ y ^ < x " y) } x, y 6 R 2 (4.1) 

in M. 2 which we consider as the cone with conical angle 2tt. Introducing the polar coordinates (r, 0) 
and (p, tp) in the x and y-planes respectively, one can rewrite (|4.ip as the contour integral 

-(r 2 + p 2 )) f (rpcos(a — 6)) a — ib , , , , 

-^r 1 ) L exp i^^l cot da ' (42) 



^(x,y;t) = I ^exp 
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where Cg^ denotes the union of a small positively oriented circle centered at a = if) and the two 
vertical lines, l\ = (9 — ir — ioo, 9 — ir + ioo) and I2 = (9 + ir A-ioo,9 + tt — ioo), having mutually opposite 
orientations. 

To prove (|4.2p one has to notice that 

1) 5ftcos(a — 9) < in vicinities of the lines l\ and I2 and, therefore, the integrals over these lines 
converge. 

2) The integrals over the lines cancel due to 27r-periodicity of the integrand and the remaining 
integral over the circle coincides with (|4.ip due to the Cauchy Theorem. 

Observe that one can deform the contour Cg^ into the union, Ag, of two contours lying in the 
open domains {9 — ir < ffia < 9 + ir , Qa > 0} and {9 — ir < 3fta < 9 + it , 9a < 0} respectively. The 
first contour goes from 9 + it + ioo to 9 — it + ioo, the second one goes from 9 — it — ioo to 9 + ir — ioo. 
This leads to the following alternative integral representation for the heat kernel H2 n : 



\-{r 2 + P 2 )\ 




7, e exp { 


\ At j 



2t 

The latter representation admits natural generalization to the case of the cone Cp with conical 
angle (3, < (3 < +00: 

Cp = {(r,9) : re [0,oo), 9 G R//?Z}/(0, 9 X ) ~ (0, 9 2 ) 

equipped with the metric (dr) 2 + r 2 (d9) 2 ; notice here that in case < (3 < 2ir the cone Cp is isometric 
to the surface z 3 = J — l){z\ + z 2 ). 

Namely, introducing the polar coordinates on Cp, we see that the following expression represents 
the heat kernel on Cg: 

ufo 1 +\ 1 / r 2 + p 2 \ f f rpcos(a-9) \ ir(a - ip) 

H ^ rAp ^ t) = 8^t exp \-^rj J Ae ew { — 2t — j cot ^— da - (44) 

Clearly, expression (|4.4p is symmetric with respect to (r, 9) and (p, tp) and is /3-periodic with respect 
to the angle variables 9, ip. Moreover, it satisfies the heat equation on Cg. Therefore, to verify that Hg 
is in fact the heat kernel on Cg it remains to show that Hg(-, y, t) — ► 5(- — y) as t — > 0+. To this end 
deform the contour into the union of the lines l\ and I2 and (possibly several) small circles centered 
at the poles of cot n (~^ [ n the strip 9 — ir < 5Ra < 9 + ir. The integrals over all the components of 
this union except the circle centered at a = ip vanish in the limit as t — > 0+, whereas the integral over 
the latter circle coincides with H 27T . 

4.1.2 The heat asymptotics near the vertex 

Proposition 1 Let R > and Cg(R) = {x G Cg : dist(x, O) < R}, where O is the conical point. Let 
also dx denote the area element on Cg. Then for some e > 

J Hei^dx = ^AreafC.f*)) + ^ (j - £) + 0(e-") (4.5) 



as t — > 0- 
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Proof '(cf. [TO], p. 1433). Make in (|4.4|) the change of variable 7 = a — -0 and deform the contour 
Aq_^ into the contour Tg__^UT^_^U = 5}, where the oriented curve goes from 9 — ifi — 7r — ico 
to 9— ijj— Ti+ioo and intersects the real axis at 7 = —5, the oriented curve goes from 9 — 0+7r+ioo 
to — ^ + 71" — ioo and intersects the real axis at 7 = <5, the circle {I7I = 5} is positively oriented and 5 
is a small positive number. Calculating the integral over the circle {|7| = 8} via the Cauchy Theorem, 
we get 

(4.6) 

1 ^(x,x;t)-J- > )dx=— f R drr[ exp (- ^ 1 cot feW (4.7) 



and 



The integration over r can be done explicitly and the right hand side of (|4.7|) reduces to 

dj + 0(e- e/t ) (4.8) 



1 f COt(7T7//3) ^ ,,f_-e/U 



16vri7 r - ur + sin%/2) 

(one can assume that sin 2 (7/2) is positive and separated from zero when 7 € Tq U Iq). The 
contour of integration in (|4.8p can be changed for a negatively oriented circle centered at 7 = 0. Since 

Res | 7=0 £S) = ^ " T )' we arrive at ra- 

Remark 8 The Laplacian A corresponding to the flat conical metric (dr) 2 + r 2 (d9) 2 ,0 < 9 < (3 on 
C/3 with domain Cq°(C/3 \ O) has infinitely many self-adjoint extensions. Analyzing the asymptotics 
of (|4.4p near the vertex O, one can show that for any y G C/3 and t > the function Hp(-,y; t) belongs 
to the domain of the Friedrichs extension of A and does not belong to the domain of any other 
extension. Moreover, using Hankel transform, it is possible to get an explicit spectral representation 
of Ap (this operator has absolutely continuous spectrum of infinite multiplicity) and to show that the 
Schwartz kernel of the operator e* AF coincides with Hp(-, ■;£) (see, e. g., [36] formula (8.8.30) together 
with [3J, p. 370). 



4.1.3 Heat asymptotics for compact polyhedral surfaces 

Self-adjoint extensions of conical Laplacian. Let C be a compact polyhedral surface with vertices 
(conical points) P±, . . . ,Pn- The Laplacian A corresponding to the natural flat conical metric on C 
with domain C^°(C \ {Pi, ■ ■ ■ , Pn}) ( we remind the reader that the Riemannian manifold C is smooth 
everywhere except the vertices) is not essentially self-adjoint and one has to fix one of its self-adjoint 
extensions. We are to discuss now the choice of the self-adjoint extension. 

This choice is defined by the prescription of some particular asymptotical behavior near the conical 
points to functions from the domain of the Laplacian; it is sufficient to consider a surface with only 
one conical point P of the conical angle (3. More precisely, assume that C is smooth everywhere except 
the point P and that some vicinity of P is isometric to a vicinity of the vertex O of the standard cone 
Cf3 (of course, now the metric on C can no more be flat everywhere in C \ P unless the genus g of C 
is greater than one and j3 = 2ir(2g — 1)). 
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For k G Nq introduce the functions V± on Cg by 



V£(r,8) =r ±= T exp|i^^j ; k > , 
yO = l, y_° = logr. 

Clearly, these functions are formal solutions to the homogeneous problem Au = on Cg. Notice that 
the functions Vh grow near the vertex but are still square integrable in its vicinity if k < 
Let V m \ n denote the graph closure of Cq°(C \P), i. e. 

U G £> m in ^ 3n m e Cg°(£ \ P), G L 2 (£) : u m -» C/ and Au m -» PF in L 2 (£). 

Define the space H"j(Cp) as the closure of Co°(Cg \ O) with respect to the norm 

lk#f(C/3)H 2 = Yl I r^-^\Dfu(x)\*dx. 

\S\<2 JC ' 3 

(Here a stands for the multi-index.) 

Then for any 5 G R such that 5 — 1 7^ , G Z one has the a priori estimate 

||«;i?-|(C^)||< C ||Au;H0(^)|| (4.9) 

for any u G C^{Cg \ O) and some constant c being independent of ii (see, e. g., [28J, Chapter 2, 
Proposition 2.5; here | \u; H$(Cg)\ | 2 = // c |u| 2 |r| 2<5 (ix). 

It follows from Sobolev's imbedding theorem (see, e. g., [22] or [23], eq. (2.30)) that for functions 
from u G H^(Cp) one has the point- wise estimate 

r 5 ~ l Hr,0)\ <c\\v;H 2 5 {C p )\\ . (4.10) 

Applying estimates (|4.9p and (|4,10p . we see that functions u from V min must obey the asymptotics 
u(r, 9) = 0(r 1 "' 5 ) as r — > with any 5 > 0. 

Now the description of the set of all self-adjoint extensions of A looks as follows. Let x be a smooth 
function on C which is equal to 1 near the vertex P and such that in a vicinity of the support of x 
the Riemann surface C is isometric to Cp. Denote by Wl the linear subspace of £ 2 (£) spanned by the 
functions x^± with < k < /3/2tt. The dimension, 2d, of 9Jt is even. To get a self-adjoint extension 
of A one chooses a subspace 91 of 9Jt of dimension d such that 

f ( dv du \ 
(Au,v) L2{c) - (u,Av) L2(c) = £ lim + ^ i^u— - v— j = 

for any u, v G 97. To any such subspace 91 there corresponds a self-adjoint extension Acyt of A with 
domain 9t + 2? mm . 

The extension corresponding to the subspace 97 spanned by the functions x^+> < < ^ 
coincides with the Friedrichs extension of A. The functions from the domain of the Friedrichs extension 
are bounded near the vertex. 

^From now on we denote by A the Friedrichs extension of the Laplacian on the polyhedral surface 
C; other extensions will not be considered here. 

Heat asymptotics. The following theorem is the main result of this section. Its first two 
statements open a way to define the determinant of the Laplacian in an arbitrary polyhedral metric 
on a compact Riemann surface. 



2 7T If 



2irk6] 
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Theorem 7 Let C be a compact polyhedral surface with vertices Pi, ... , P/v of conical angles Pi, ... , f3jy. 
Let A be the Friedrichs extension of the Laplacian defined on functions from C^°(£ \ {Pi, . . . , P/v}). 
Then 

1. The spectrum of the operator A is discrete, all the eigenvalues of A have finite multiplicity. 

2. Let TC(x,y; t) be the heat kernel for A. Then for some e > 

^ - I W(X , x; t ) * . + 1 £ {| - |} + 0(e -./<), (4.H) 

as t ->• 0+. 

3. The counting function, N(X), of the spectrum of A obeys the asymptotics N(\) = O(A) as 
A — > +oo. 

Proof. 1) The proof of the first statement is a standard exercise (cf. [llj). We indicate only the 
main idea. Introduce the closure, H 1 (£), of the Co°(£ \ {Pi,... , P/v}) with respect to the norm 
|||u||| = 1 1 -zx; 1 1 + ||Vu;L2||- It is sufficient to prove that any bounded set S in H 1 (£) is precompact 
in L2-topology (this will imply the compactness of the self-adjoint operator (J— A) -1 ). Moreover, one 
can assume that the supports of functions from S belong to a small ball B centered at a conical point 
P. Now to prove the precompactness of S it is sufficient to make use of the expansion with respect to 
eigenfunctions of the Dirichlet problem in B and the diagonal process. 

2) Let C = uf =0 Kj, where Kj, j = 1, . . . , N is a neighborhood of the conical point Pj which is 
isometric to Cp } (Pi) with some R > 0, and Kq = C \ Uj^Kj. 

Consider also extended neighborhoods Kj 1 D Kj such that K^ 1 is isometric to C^.(P + ei) with 
some ei > and j = 1, . . . , N . 

Fixing t > and x, y 6 Kj with j > 0, one has (cf. [I], p. 578-579) 

[ ds [ (V{A Z - d s }^ - <j>{A z + a s }V) dz (4.12) 
Jo Jk^ 1 

with 4>(z,t) = 7i(z,y;t) — Hp.(z,y;t) and ijj(z,t) = P^. (z,x;i — s) (here it is important that we are 
working with the heat kernel of the Friedrichs extension of the Laplacian, for other extensions the 
heat kernel has growing terms in the asymptotics near the vertex and the right hand side of (|4.12p 
gets extra terms). Therefore, 

u < A >ut A f* A f (v< , dH^z-t-s) ^ dH{z,y;s) \ 
H ft (x,y;t)-W(x )y ;t)=y o ds (H(y,z;s) ^ H^z^t-s) ^ j dl(z) 

= 0(e- 62/t ) 

with some €2 > as t — > 0+ uniformly with respect to x, y G Kj. This implies the asymptotics 

/ W(x,x;t)dx = / P /3 (x,x;t)dx + 0(e" e2/ *) , as t -> 0+ (4.13) 

JKj JKj 3 
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Since the metric on C is flat in a vicinity of Kq, one has the asymptotics 

[ H(x ) x;t)d X = ^^ + 0(e--A) 

JKo ^t 

with some e 3 > (cf. |24J). Now (|4.1ip follows from (|4.5p . 

3) The third statement of the theorem follows from the second one due to the standard Tauberian 
arguments. 



4.2 Determinant of Laplacian 

According to Theorem [7] one can define the determinant, det A, of the Laplacian on a compact poly- 
hedral surface via the standard Ray-Singer regularization. Namely, introduce the operator ^-function 



- A, 
A fc >0 fc 

where the summation goes over all strictly positive eigenvalues of the operator —A (counting 
multiplicities). Due to the third statement of Theorem the function £a is holomorphic in the 
half-plane {"Sts > 1}. Moreover, due to the equality 

1 f°° 

(a(s) = ^ {Tr e tA -l} I s - 1 dt (4.15) 
1 K s ) JO 

and asymptotics (|4.1ip . one has the equality 



j- / \ 1 Area(£) 

Ca(s) = T>) 4^T) + 



12^lA 2vr/ 



- + e(s)L (4.16) 



.s 



where e(s) is an entire function. Thus, £a is regular at s = and one can define the ^-regularized 
determinant of the Laplacian (cf. [33]) by 

detA := exp{-C A (0)} . (4.17) 

Moreover, (14.160 and the relation J2k=i = 2<? — 2; bk = |r — 1 yield 

where x(£) = 2 — 2g is the Euler characteristics of C. 

It should be noted that the term — 1 at the right hand side of (|4.18p coincides with the value 
at zero of the operator ^-function of the Laplacian corresponding to an arbitrary smooth metric on C 
(see, e. g., [31], p. 155). 

Let g and Kg, At > be two homothetic flat metrics with the same conical points with conical 
angles Pi, ... , (3n ■ Then (|4.14p , (|4.17p and (|4.18p imply the following rescaling property of the conical 
Laplacian: 
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4.3 Variation of the resolvent kernel 

For a pair (£, w) from 7i g (ki, . . . , ku) introduce the Laplacian A := &\ w \ 2 in flat conical metric |u>| 2 
on C (recall that we always deal with the Friedrichs extensions). The corresponding resolvent kernel 
G{P,Q; A), AG C\sp(A) 

• satisfies (A P - X)G(P, Q; A) = (Aq - X)G(P, Q; A) = outside the diagonal {P = Q}, 

• is bounded near the conical points i. e. for any P £ C \ {Pi, . . . , Pm} 

G(P,Q;X)=0(1) 

as Q -> P k , k = 1,... ,M, 

• obeys the asymptotics 

G(P, Q; A) = i- log \x(P) - x(Q)\ + O(l) 

as P — > Q, where x(-) is an arbitrary (holomorphic) local parameter near P. 

The following proposition is an analog of the classical Hadamard formula for the variation of the Green 
function of the Dirichlet problem in a plane domain. 

Proposition 2 There are the following variational formulas for the resolvent kernel G(P, Q; A): 

dG(P, Q; A) 



8G(P, Q; A) 



z(P),z(Q) 



z(P),z(Q) 



2i <L u(P,Q;X) , (4.20) 

J bo, 

-2i <f u(P,Q;X), (4.21) 



dB a 
where 

lo(P, Q; A) = G(P, z, z; X)G z2 (Q, z, z; X)dz + G Z (P, z, z\ X)G Z (Q, z, z; X)dz (4.22) 
is a closed 1-form and a = 1, . . . , g; 
8G(P, Q; A) 



dz r , 



-2i lim 



z(P),z(Q) e^oJ {z _ Zml=e 



I G z (z,z,P;X)G z (z,z,Q;X)dz, (4.23) 



where m = 2, . . . , M and the circle of integration is positively oriented. It is assumed that the coordi- 
nates z{P) and z(Q) are kept constant under variation of the moduli A a , B a , z m . 

Remark 9 One can unite the formulas (|4.20II4.2"3|) in a single formula: 

dG(P,Q;X) f f G(R, P; X)d R d R G(R, Q; X) + d R G(R, P; X)d R G(R, Q; X) \ 

d(k z{P),z{Q) l \J Sk w(R) J 

where k = 1, . . . , 2g + M - 1. 
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Proof of Proposition UJ We start with the following integral representation of a solution u to the 
homogeneous equation Au — Xu = inside the fundamental polygon C: 

u(£,£) = -2i G(z,z,t,S]\)u g (z,z)dz + G z (z,z,S,b\)u(z,z)dz. (4.25) 

JdC 

(We remind the reader that to get (|4.25|) on has to rewrite the left hand side of the equality 

(A Q - X)G(P, Q; X)u(Q)\dz(Q)\ 2 -If G(P, Q; A) (Aq - X)u(Q)\dz(Q)\ 2 = 

C\B e (P) JJL\B C (P) 

as an integral over the boundary dC U d(B t (P)) via the Stokes theorem (here B e (P) is the disk of 
radius e centered at P) and then send e to 0.) 

Let us first prove (|4.2ip . Cutting the surface C along the basic cycles, we notice that the function 
dB a G(P, • ; A) is a solution to the homogeneous equation Au — Xu = inside the fundamental poly- 
gon (the singularity of G(P, Q;X) at Q = P disappears after differentiation) and that the functions 
dB a G{P, ■ ; A) and dB a G z (P, • ; A) have the jumps G Z (P, ■ ; A) and G ZZ (P, ■ ; A) on the cycle a a , respec- 
tively. (This follows from differentiation of the periodicity relation G(z+B a ; z+B a ; A; {A a ,B a , z m }) = 
G(z, z; A; {A a ,B a , z m }) with respect to B a and z; cf. the proof of Theorem^ eq. (|2.37|) .) 

Applying the formula (j4.25j) with u = dB a G(P, ■ ;A), we get the variational formula (I4.2ip . 
Formula (|4.20p can be proved in the same manner. 

The closedness of the form (I4.22p . du(P, Q; X) = 0, immediately follows from the equation for the 
resolvent kernel G zS (z, z, P; A) = jG(z, z, P; A). 

Let us prove (|4.23p . From now on we assume for simplicity that k m = 1, where k m is the multiplicity 
of the zero P m of the holomorphic differential w (the case k m > 1 differs only by a few details). 

Applying Green formula (|4.25p to the domain £ \ {\z — z m \ < e} and u = dG/dz m , one gets 

d Zm G(P,Q;X) =2ilim / d Zm {G 2 (z, z, Q; X)}G(z, z, P; X)dz+d Zm {G(z, z, Q; X)}G z (z, z, P; X)dz . 

^J\ z - Zm \=e 

(4.26) 

(Here the circle of integration is positively oriented.) Observe that the function x m i— ► G(x m , x m , P; A) 
(defined in a small neighborhood of the point x m = 0) is a bounded solution to the elliptic equation 

d G{x m , x m , P; A) . i2/-f/ - d \\ n 

7j ~KZ A\ x m\ <-*{%mi x rai " > — U 

\J X vyi yj X 



with real analytic coefficients and, therefore, is real analytic near x m = 0. 
Recall that x m = \Jz — z m . Differentiating the expansion 

G(x m ,x m ,P; A) = oo(P, A) + a 1 (P,X)x m + a 2 (P, X)x m + a 3 (P, X)x m x m + ... (4.27) 

with respect to z m , z and z, one gets the asymptotics 

d Zm G(z, z, Q; A) = -^hR + o(l) , (4.28) 

zx m 

d Zm G- z{ z, ~z, Q; A) = { ^! 2 _ }(Q ' A) - ^1 + (1) , (4.29) 

G z (z, z, P; A) = + Oil) , (4.30) 
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Substituting (14T25J) . (143*1 and (OOll into (|Q5j) . we get the relation 

d Zm G(P,Q,X) =27roi(P,A)oi(Q,A) . 

On the other hand, calculation of the right hand side of formula (|4.23p via (|4.30p leads to the same 
result. □ 

4.4 Variation of the determinant of the Laplacian 

Introduce the notation 

where Area(£, |w| 2 ) the area of the Riemann surface C in the metric \w\ 2 (Q depends also on the 
choice of canonical basis of cycles on C). 

The rest of this section is devoted to the proof of the following theorem. 

Theorem 8 The following variational formulas hold 

dlogQ(C,\w\ 2 ) J_f S B - S w 

where k = 1, . . . , 2g + M — 1; Sb is the Bergman projective connection, S w is the projective connection 
given by the Schwarzian derivative | j P w, x(P)|; Sb — S w is the meromorphic quadratic differential 
with poles of the second order at the zeroes P m of w. 

Proof. The following proof is based on the ideas of J. Fay applied in the context of flat metrics 
with conical singularities (cf. the proof of Theorem 3.7 in [9]). In this case the calculations get shorter 
and more elementary (in particular, the Ahlfors-Teichmiiller theory is not used here). 

Due to Theorem [7] one has 

Tre tA = j + a + 0(t N ) (4.33) 
as t — > 0+, where N is an arbitrary positive real number, cq = and 



1 9 

A := Area(£, \w\ 2 ) = -— J2(A a B a - A a P>, 



a=l 



is the area of the surface C The coefficient c\ is independent of all moduli (we notice also that the 
coefficient Co is independent of the moduli Z2, ■ ■ ■ , %m)- 
Following [9], consider the expression 

1 



r-+oo 

«/(A,s) = ^-y / e- X H s ~ l h(t)dt, 



where 



h(t) = TV e tA - (1 - e~' 2 )_£_[(! + i)co + to] . 



-t 



Notice that h(t) = 0(t~ N ) as t -> +oo with any > and (^33|) implies that h(t) = 0{t) as t -> 0+. 
Thus, 

d f +0 ° 1 

^J(A, S )| S=0 = -] e- xt h(t)dt = O(^) 
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as A — ► +00. From the calculations on p. 42 of [S] it follows that 
J{\s) = -U{s ] \)\ s=0 + 1 -- y o y o e"* 
as s — > 0, where 7 is the Euler constant and 

Ca(s;A) = 



l dt dX + co(l + A - A log(A + 1)) + c x log(l + A) + 0(s), 



E 



A n esp A\{0} 



(A - XnY 



This implies the relation 



and, therefore, one has 



^ J(A, s)\ s=0 dX = J(0, 0) = Ca(0) + \ + c 



Ca(0) 



7 



+ c 



+00 



-Af 



Tre 



tA 



(1-e- 



-((l + t)c + tei) 



(it. 



(4.34) 



Consider the variation of (|4.34p with respect to A c 
We need the following Lemma. 



Lemma 7 The following relation holds 



0, 



F{P)dA{P) 



d Aa {F}(P)dA(P) + 



F(z, z)dz, 



(4.35) 



where dA(P) is the area element defined by the metric \w\ 2 . The formula for differentiation with 
respect to B a looks similar; the only change is the sign in front of the contour integral over a a in the 
second term of the right-hand side. 

Proof. The function C G P 1— ► z = w is univalent in a small vicinity U (Q) of any point Q of C 
except the zeroes, Pi, ... , Pm, of the differential w. Take a cover of C by small disks, B m , centered 
at the points P m and the vicinities U(Q), Q 6 C,Q 7^ P m . Let {Uj} be a finite subcover and let {xj} 
be the corresponding (smooth) partition of unity. Cutting C along the basic cycles and giving to, say, 
^Li-coordinate a complex increment 5A, one gets 



5 f[ Xj FdA=i IIx > {zrz)6F{z ' E)ldzl2 ' ^ HnsupP ^ = (4.36) 
J J 3 [iff Xj(xm,Xm)$F{xm,x m )\x m \ 2 \dx m \ 2 , if supp Xj 3 P m 

for those j for which the support of Xj has no intersection with the cycle b\ . 

Let suppxj H 61 ^ and let [0,1] 3 t t— » 7(i) be the parameterization of the part of contour 
z(6i) C C inside the support of the function z \— > Xj( z ?z). After variation of the coordinate A\ this 
contour shifts to 1 \— > 7(i) + (L4i. Setting 



y = Kz = «7(t) + s Ml+^ ; x = Qz = s 7(t) + a Mi " Ml 



2? 
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with < s < 1, for z = x + iy in a vicinity of the contour z(b\) and using the relation 



one finds that 



o{s,t) 2 1% 

5 JJ Xj FdA = J! Xj (z,z)5F(z,z)\dz\ 2 



+ 1 da J dt X Mt))ni(t))( K ^\t)-^\t)]SA 1 

+ Q^(t) + ^/(t)W. (4-37) 



where the second term coincides with 

XjFdz ) 8Ai 



and summing (|4.36p . (|4.37p over all j one gets the lemma. 
□ 

Using the formulas d Aa ci = 0, c^cq = —B a /8-Ki and Lemma [3 we get 



T} r+oo r+oo r p p a a 

0A a [-CA(O)]=-g^- 1 dX I d te- xt {JJ^d Aa H{P,P,t) + ^{l-e~ t ))dA{P)+ 

(4.38) 



H(z,z,t)-±(l-e- t2 )-^- t (l+t) 



dz 



>b a 

(For brevity from now on we suppress the antiholomorphic part z of the argument (z, z) 
Using the standard relation 



G(x,y;\) 



r+oo 

/ e- xt H(x,y,t)dt 
Jo 



between the resolvent and the heat kernels, we rewrite the right hand side of (|4.38p as 

" + j +O ° dX | H{d Aa G}(P, P; X)dA(P) - ^I(A) - jf G(s, z; A)dzj , (4.39) 

where the derivative dA a G(P, Q; X) is nonsingular at the diagonal P = Q due to (|4.20p ; 

-i r+oo 
/(A) = ~ - e A2 / 4 / e"* 2 dt 

A 7A/2 



«+oo 
'A/2 

as in ([9j, (2.34)) and G(z,z;X) is Fay's modified resolvent 



o 



(-,'(:. -:A)- / e - xt \H(z, z,t) - -(I -e-t )-—(!+ t)} dt ( I. 10) 
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(see [9]: the last formula on page 42, formulas (2. 34), (2. 35) on page 38 and the first two lines on page 
39; to get ()4,40p one has to make use of the fact that the metric |u;| 2 is Euclidean in a vicinity of the 
cycle b a and, therefore, the coefficients Hq and Hi in Fay's formulas are 1 and 0, respectively.) For 
future reference notice that according to ([9j, p. 38) one has the relation 



G{z x ,z% A) = G( Zl ,z 2 ; A) + jI(X) - — 



, , , , >/A+T 1 

log \zi - z 2 \ + 7 + log 



2 2(A + 1) 

where the right hand side of (I4.4ip is nonsingular at the diagonal z\ = z%. Now (|4.20p implies 
// {d Aa G}(P,P;X)dA(P) = \l dz ft XG(z,P;X)G(z,P;X)dA(P) 

JJC 1 Jb a JJC 



(4.41) 



' b a 

-2i 



[[ dA(P)(f G z (z,P;X)G z (z,P;X)dz . 
JJC Jb a 



The interior contour integral in the last term has 5-type singularity as P approaches to the contour b a 
and using Stokes formula and the (logarithmic) asymptotics of the resolvent kernel at the diagonal, it 
is easy to show that 

// dA(P)<£ G z (z,P;X)G z (z,P;X)dz = --L / dz+ I dzp.v. ff G z (z, P; X)G z (z, P; A) dA(P) . 

JJC Jb a Jb a Jb a JJC 

(4.42) 

Indeed, choosing the same partition of unity as in Lemma one rewrites the left hand side of 
(gagp as 

^YsY^f^XkizuZ!)^ xi(z,z)(G t (z,zi;X)) 2 dz S jdz 1 Adzi (4.43) 

For a pair (k, I) such that the suppxfc H b a ^ and suppxfc H suppxz 7^ the corresponding term 
in (gggp is 

^ J ^f c Xk ( Zl,El ^ (j[ (1^2 ( z - Zl y + ^(^i^^Ij^i)^ d ^ dz i A <^l> ( 4 - 44 ) 

where function H has only the first order singularity at the diagonal. The iterated integral with XkXiH 
as integrand admits the change of order of integration, whereas the remaining part of the right hand 
side of (|4.44p can be rewritten as 



... / Xl( z ,z)dz if _ f xi(z,z)dz 
Xk{zi, zi)o zl <b dz x Adzi = — / Xk{zi,zi) f dz v 



32k 2 J J c J ba z-z-y 32vH Jqc J ba z-z\ 

{d zx Xk{zi,zx)) I Xl{z,z)dZ d Zl Ad Zl (4.45) 



32tt 2 JJ c J ba z-zi 

Due to Plemelj theorem on the jump of the Cauchy type integral the first integral in (|4.45p is equal to 



1 

167^ 



XkXidz . 
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Changing the order of integration in (|4.43j) for the remaining pairs (k, I) (since for these pairs the 
integrand in (|4.43|) is nonsingular, one can apply Fubini's theorem) and summing over all k and I we 
arrive at (|4.42|) (the second term in (|4,45|) after summation cancels out: ^fc^ziXfc = d Zl l = 0). 
Now from the resolvent identity 

G(Q,P;\)-G(Q,P;n) 



A — fi 



J J G(P,R;X)G(Q,R;fj,)dA(R) 



it follows that the derivative d\G(P, Q; X) is nonsingular at the diagonal P = Q and 

J J G(z, P; X) G(z, P; X) dA(P) = {d x G}(z, z; X) . 

Moreover, according to Lemma 3.3 from [S] one has 

1 z' 



(4.46) 



(4.47) 



G z/ (z',P;X)G z (z,P;X)dA(P) 



167T z' 



+p.v. // G z (z,P;X)G z (z,P;X)dA(P)+0(z'-z) 



as z — > z' and the resolvent identity (|4.46p implies the relation 



p.v. // G z (z,P;X)G z (z,P;X)dA(P) 



d_ 

dX 



G z i z (z',z;X) 



+ 



X z'-z 



4ir (z' — z) 2 167T z' — z 



Thus, (|4.39p can be rewritten as 



B a i 
8iri 2 



2i 



+oo 



dX i> dz 



a 



X{d x G}(z,z;X) 



4tt 



+ G(z,z;X) - i/(A) 



.4 



+ 



(4.48) 
(4.49) 



dz— { G z ' z (z',z;X) 



1 



1 



47T (z' — z)' 



+ 



X z'-z 
16ir z' — z 



Using (|4.4ip . rewrite the expression in the square brackets as 



d_ 
dX 



XG 



1 A 



1 



A/(A) . 



4vr A + 1 A 

To finish our calculation we need several lemmas. 

The first one is an analog of Corollary 2.8 from [9]. 

Lemma 8 In a vicinity of the cycle b a the following relation holds 

1 A z' - z 



4irG z ' z (z',z;X) 



+ a(z', z), 



(4.50) 



z' — z) 2 4 z' — z 

where a(z,z') is 0(\z' — z\) as z' — > z and X belongs to any closed subinterval of (0, +oo). 

To prove the lemma we notice that the metric \w\ 2 is flat in a vicinity of a point P G b a and the 
geodesic local coordinates in this vicinity are given by the local parameter z. Therefore, as it is 
explained on pp. 38-39 of [9] the asymptotical behavior of 4itG z i z {z' , z; A) coincides with that of the 
second derivative with respect to z' and z of the function 



F(z', z', z, z) = log \z - z\ 2 + -X\z - z'\ 2 log \z - z\ 2 



(4.51) 



(one has to put Hq = 1 and H\ = in Fay's calculations on p. 38 of |9j). This immediately leads to 
(g3QD. 

The next two lemmas are classical (see [9], p. 25 and example 2.4 and the formula (2.18) on p. 30). 
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Lemma 9 There is the following Laurent expansion near the pole A = of the resolvent G(P, Q; A): 

G(P, Q- A) = - AAre 1 a(£) + G(P, Q) + O(A) , (4.52) 

as A — ► 0, where G(z' , z) is the Green function. 
Lemma 10 The following relation holds 

4ttG cc (C', C) = TTT^Tvl + 1 S b(0 ~ * E mVpMCHiC) + 0((' - C), (4.53) 
^ ^ ' a,/9=l 

as C' — * Cj where G(-, •) is i/ie Green function from ^.52\j , Sb is the Bergman projective connection, 
{ v a}a=i i s the basis of normalized holomorphic differentials on C and B is the matrix of b-periods 
of C; C is an arbitrary holomorphic local parameter and the functions ( i— > v a (C,) are defined via 
v a = v a (()d(. 

It should be noted that the Green functions depends on the metric on C whereas its second derivative 
(|4.53p is independent of the (conformal) metric. 

The last lemma immediately follows from Rauch variational formula (|2.28p and the obvious relation 
2% [log detQB] = Tr^B)- 1 ^} . 

Lemma 11 The following relation holds 

a^pogdetOT] = j-jZ ( 9B )^ / ^ ■ ( 4 - 54 ) 

7,/3=l Jba 

Now using the asymptotics 1(A) = 0(A~ 3 ) as A — > +oo and the Lemmas (|8|)- (fTT]) . one can perform 
the integration with respect to A in (|4.39p . This leads to the relation 

dA a [-Ca(O)] = ^~<f + d Aa [log det 9B] + d Aa [logA] . 

The latter relation is equivalent to (|4.32p for k = l,...,g. The proof of H4.32H in the case k = 
g + 1, . . . , 2g is similar. 

Consider now the variation of (14.34R with respect to z m . Using the equality d Zm co = d Zm c\ = 
and (ET23|) . we get 

/•+oo r r r 

dzJ-CM] = -2ilim / dX dA(P)f G z (z,P;X)G z (z,P;X)dz. (4.55) 

e ^°J0 JJC J\z-z m \=e 

After passing to local parameter x m = ^Jz — z m , the latter expression can be rewritten as 

_2ilim/ [ °° dX [[ G Xm (x m ,P;X)G Xm (x m ,P;X)dA(P). (4.56) 

e ^°J\xm\=^ 2x m Jo JJC 

Lemma 3.3 from [9] implies the relation 



J J G x , m (x' m , P; X)G Xm (x m , P; X)dA(P) 



46 



= -^\xm\ 2 X T Xm + [I G Xm (x m ,P ] X)G Xm (x m ,P;X)dA(P) + 0(\x' m -x m \), (4.57) 

47T X m — X m J J £ 

Using this relation rewrite the right hand side of (|4,56p as 

-2ilim / pa- f°° dx\ ff G x/ Jx' m ,P;X)G Xm (x m ,P;X)dA(P) + ^\x m f^^\ 

(4.58) 

As before, using the resolvent identity, we rewrite the expression inside the braces as a derivative with 
respect to A and see that the right hand side of (14.550 equals 



r +oc r) ( 11 \ t' — t 

"T . I^ml ^ 



(4.59) 



e->oJ [xml=V - £ 2x m J dX{ ^mKm, , ^ {x , m _ Xm) 2 47r ! 

To further rewrite (|4,59[) we need the following two lemmas: 
Lemma 12 The following relation holds 

4irG x , mXm (x' m ,x m ;X) = — -j- " tV " A|a; m | 2 ^ m _ ^ m + a(a/ m ,a m ), (4.60) 

where a(x m ,x' m ) is 0(\x' m — x m \) as x' m — > x m and A belongs to any closed subinterval of (0, +oo). 

To prove the lemma we notice that the geodesic local coordinates for the flat metric |u>| 2 in a vicinity 
of the point P m are given by the local parameter z = z m + x 2 ^. Therefore, as it is explained on 
pp. 38-39 of [9] the asymptotical behavior of 4ttG x > Xm (x' m , x m ; X) coincides with that of the second 
derivative with respect to x' m and x m of the function 

F(x' m , x' m , x m , x m ) = log \z - z\ 2 + ^X\z - z'\ 2 log \z - z\ 2 , (4.61) 

where z' = z m + {x' m ) 2 . 

Using the Taylor expansion of (x' m — x m ) 2 F x > Xm (x' m , x' m , x m , x m ) up to the terms of the second 
order, we arrive at (14.60p . 

Further, one has the following analog of Lemma [TTT which is an immediate consequence of varia- 
tional formulas (pT28|) for k = 2g + 1, . . . , 2g + M - 1. 

Lemma 13 The following relation holds 

-^-[logdet3B] = i f(9B)j/ m = 2,...,g (4.62) 

171 a 8=1 s 2g+m-l 

These lemmas together with (|4.59p and formulas (|4.52p and (|4.53p written in the local parameter x m 
imply the relation 

° Ck(0)] = ~ / ^^ + ilogdet9B], 



9z m / S2fl+m _ 1 W 8z 



where S2 g + m -i is a small positively oriented circle around P m . The latter relation is equivalent to 
(|P2|) for = 25 + m - 1, m = 2, . . . , M. □ 
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4.4.1 Infinitesimal Polyakov type formula for the stratum H g (l, . . . , 1). 

The following corollary of Theorem [8] is an analog of classical Polyakov formula for variation of the 
determinant of Laplacian under infinitesimal variation of the smooth metric within a given conformal 
class H. 

Theorem 9 Let lo be a holomorphic differential on C with M = 2g — 2 simple zeros Pi,. . . , Pjw, let 
x m be the corresponding distinguished local parameter near P m and let (f> be an arbitrary holomorphic 
differential on C Define the function x m \— > <t>(x m ) via <p = <p{x m )dx m and set <j)'(P m ) := <p' {x m )\ Xm= Q. 
Then 

detAl^ 12 ' 1 



d_ 

Ik 



e=o Area(£, \u + e<p\ l ) 16 z — ' 



m=l 



Proof. Consider the one-parametric family u) + ecj). First, let us find the variational formulas for 
the coordinate A a , B a , z m of the point (£, uj + ecj)) £ H g (l, ■ ••>!)■ Obviously, one has 



A — —A 

de e=o de 

To find the variations of the coordinates z m one has to find the derivative 

d f Pm{e) 



de 



uj + e<j 

Pi (e) 



e=0 



where P m (e) are the zeroes of the differential u + e<f> (we have 2g — 2 one-parametric families of the 
zeroes parameterized by e S [0,5] with sufficiently small 5 > 0.) One has 

-Pm(e) fPm fPl fPl rP m rP m 



rr m [€) rr m rf\ r±\ rfm n 

\ {uj + e4>)= {uj + e4>)+ uj + e (/) + uj + e / 

JPi(e) J Pi J Pi J Pi JPm JP„ 

rPm 

/ {uj + e</>) + 0(e 2 

J Pi 



since a; (Pi) = u>(P m ) = 0. Therefore, 

'Pi 

It is instructive to check the following property: the tangent vector 

a=l x ' m=2 

to the space P 9 (l, •••,!) should annihilate any function on H g (l, . . . , 1) which depends only on moduli 
of the underlying Riemann surface C It is sufficient to show that V{B 7( 5} = 0, for any entry of the 
matrix B of the 6-periods of the surface C. Indeed, formulas (|2.28[) imply 

~{Ja a Jb a U ^r x Jb a Ja a U ^ J Pl J p m UJ 



2 This theorem gives an answer to the question posed by P. Zograf 
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v^P)v s (P) 
d[£\uM =1 B(P m )\ V/pi Y J u(P) 



0. 



where B(P m ) are small disks centered at P m . We have used Riemann's bilinear relations and the 
equality 

v^P)v 8 (P) _ ( f P - A / v y v s _ 



'F\ J u{P) \J Pl J J Pm u) 

the latter equality holds because the differential has a simple pole at P n 
Now Theorem [8] implies 

d . det Al w+e *l a f detAl^ +e ^l 2 



de 



lo § 7 77 i , 7m = V lo. 



e=o b Area(£,|w + ec/>| 2 ) I b Area(£, |w + e</>| 2 )det 91 



I CX=X CZ=1 a a 771=1 1 m J 



In the distinguished local parameter Xyyi near Pm one has to — ^x^ndx^n and denoting by F(x m ^ '.- 
Pi 



cP 

F(P) := Jp <f>, we obtain 



x Sb Suj £ . s(SB(x m ) {ijj, x m }) (dxm)^ 

f \ %m ) 



J\x m \=S 2x m dx m 



\x m \=S 



F(x m )SB(Xm) , 3F(x m )\ 

O + 7 3 I dXr 

£Xrn. Q X^y, 



F(0) i> * cta m + -vrzF (0) 

/|x m |=5 2x m 4 

Sb - So; 3 . , , 



'Pi JPm W 4 

Therefore, the right hand side of (|4.64j) can be rewritten as 



The contour integral in the last expression vanishes since the integrand is holomorphic inside the union 
of integration contours, which implies (|4.63p . 

□ 

It is instructive to check this result choosing <j> = u). Due to the rescaling property (|4. 19[) of the 
determinants in conical metrics one has: 

detA l«+H a = |i + e |2{-(^-D-iEr 2 (|f+lf-2)} d etAl-l 2 = 11 + e|^ +2 detAM 2 
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and 



d_ 



det Al^+^l 2 d 

log 



e=o Area(£, \u + euj\ 2 ) de 
On the other hand for <f) = uj one has 4>'(P m ) = 2 and 

M 



log |1 + e\ a -i L = 9 — - (4.65) 

e=0 4 



4 5 - 4 



16 ^ T v 7 16 

m=l 



in agreement with (|4.65p . 



4.5 Explicit formulas for det A^l 2 

The following theorem, which is the main result of the present paper, can be considered as a natural 
generalization of Ray-Singer formula (jl.2p to the higher genus case. 



Theorem 10 Let a pair (C,w) be a point of the space TL g (k\, . . . , &m)- Then the determinant of the 
Laplacian A'*"' 2 acting in the trivial line bundle over the Riemann surface C is given by the following 
expression 

det A^l 2 = C Area(£, \w\ 2 ) detQB \t(C, w)\ 2 , (4.66) 

where Area(£, \w\ 2 ) := f c \w\ 2 is the area of C; B is the matrix of b-periods; constant C is independent 
of a point of connected component of 7i g {k\, . . . ,k\j)- Here t(C,w) is the Bergman tau-function on 
the space 7i g {k\, . . . , &m) given by \3.2J$ . 

Proof. The proof immediately follows from the definition of the Bergman tau-function and Theo- 
rems [6] and □ 

Remark 10 It can be easily verified that expression (|4.66p is consistent with rescaling property 

From (|4.66p we can deduce the "integrated" version of the infinitesimal formula of Polyakov type 
given by Theorem [9l For simplicity we consider only the generic case of differentials with simple zeros. 

Corollary 6 Let w and w be two holomorphic differentials with simple zeros on the same Riemann 
surface C. Assume for convenience that none of zeros of the differential w coincides with a zero of 
the differential w. Then the following formula holds: 

detAH 2 = Area(£>| 2 ) ^ | res\pjw 2 /w} 1/12 

det AH 2 Area(£,H 2 ) W I res| Pra {y) 2 /u>} ' [ ' ' 

where {Pk} are zeros of w; P/. are zeros ofw. 

Proof. The formula (|4.67|) follows from the expression (|4.66|) for the determinant of laplacian in 
the metric \w\ 2 and the link (|3.29p between Bergman tau-functions computed at the points (C, w) and 
(£, w) of the space T~C g (l, . . . , 1). 

□ 



3 We thank the anonymous referee for this remark. 
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Remark 11 For an arbitrary hermitian metric g on C the expression 



„ i Area(£, g) detQ B ,, , ,,,o ,, 

Q ■= := 111 ® (vi A • • • A v g )\\ 2 g , (4.68) 

with {f a }a=i,...,g being the basis of holomorphic 1-forms on C normalized by § vp = 5 a p, defines a 
Quillen metric on the determinant line 

\{O c ) = detH°{£, O c ) ® (dettf 1 ^, Oc))' 1 = detH°{£, O c ) ® detF°(£, n£) . 

The formula (ll.lOp shows that if g is chosen to be flat singular metric with trivial holonomy 
given by \w | 2 , then corresponding function Q(C,\w\ 2 ) defined by (|4.3ip . (|4.68p is the modulus square 
of a holomorophic function of moduli (i.e. coordinates on the space of holomorphic differentials). 
This property distinguishes singular flat metrics with trivial holonomy among other metrics of a 
given conformal class, in some sense their properties are nicer than those of the metric of constant 
negative curvature: for the Poincare metric g the Belavin-Knizhnik theorem implies that the second 
holomorphic-antiholomorphic derivatives of log ||1 (g) (v\ A • • • A iv)||g with respect to (Teichmiiller) 
moduli are nontrivial (see [9]). 

It should be noted that some other generalizations of the Ray-Singer theorem are already known. 
There exists an explicit formula for the determinant of Laplacian in the Arakelov metric (see, e. g., 
[9], formulas (1.29), (4.58) and (5.23); see also references in [9]). For Arakelov metric g the property 
of holomorphic factorization also fails. Another higher genus analog of the Ray-Singer formula was 
obtained by Zograf, Takhtajan and Mclntyre (see \30\ [29] and references therein) for detA in the 
Poincare metric in the context of Schottky spaces; in the context of Hurwitz spaces an analog of the 
Ray-Singer formula for the determinant of the Laplacian in the Poincare metric was found in |14j. 

It should be also noted that the results of the present work can be extended to the case of arbitrary 
compact polyhedral surfaces (see [13]). 
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